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Propositions and
their Converses

Consider the following statement:

Statement 1: I/ two sides of a triangle are equal, then the angles opposite
the equol sides are equal.

Such a statement that is either true or false is called a propocltion
Now consider the following proposition:

statement 2: I/ two angles of a triangle are equal. then the sides opposite
the equal angles have equal lengths.

The first proposition is of the form 'if X then Y. The second is of the
form 'if Y then X'. Wc say that the second proposition is the co[vertc of
the first proposition.

The statement 'if X then Y is also written as X lmpller Y. We will
use botJr formulations interchangeably.

If a proposition is true, then is its converse always true?

Let us consider some examples of propositions and their converses,

Exampl,e 1:
. Proposition P: If it rains, tlten the road is wet.
. Converse Q: If the road is wet, then it has rained.

Proposition P is tme but its converse, Q, may not be tme. For instance,
the road may be wet because a tanker spilled water on the road!

A situation that illustrates why a given proposition is not necessarily
true is called a counterexample. It refers to an example that contradicts
the stated proposition.

lT a,

9

Think and Reflect

We have proved the first statement in an earlier grade. Is the second
statement true? Can you prove it?

.(Ilirt Draw the altitude from the vertex containing the third angle.)
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Finding a suitable counterexample is an important ingredient of
mathematics because it allows us to show in a short and convincing
way that a proposition is false.

Here is a famous example. Fermat claimed that aII numbers of the
form 2" + 1 are prime (n = 0-, 1, 2, 3, ...); e.g., the numler 22'+ 1 = 257. But
Euler disproved this by showing that the number 22' + 1 is composite.

Example 2:
. Proposition P: If a number is a multiple of 6, then it is a multiple

of 3.
. Converse Q: If a number is a multiple of 3, then it is a multiple of 6.

Proposition P is true. Justi-R/ why this is so.
Does this now mean that all multiples of 3 are also multiples of 6?

This corresponds to the converse statement Q. Determine if it is true
and if not, give a counterexample.

Example 3: In this example, n is any positive integer
. Proposition P: Ifn is a perfect square, then it has an odd number

of factors.
. Converse Q: Ifn has an odd number offactors, then it is a perfect

square.

You may recaU that we came across these statements in the previous
grade. Which ofthem are true?

Discussion

Consider the following argument.

What does this argument prove? Statement P or Q?

Each factor of a number has a 'partner' factor such that their product
yields the given numbel e.9., 5 is a factor of 35, and 5 x 7 = 35. Here, 7 is the
partner factor of 5, and vice-versa. Let us focus on factor-partner pai-rs of
numbers, e.g., (1,72), (2,6), (3,4) are the pairs for the number 12.

Ifa num.ber has an odd number offactors, there must be a factor-partner
pair in which the same number repeats (e.9., the partner factor of 5 in 25).
If not, the given number will have an even number of factors since each
factor can be paired \ rith its factor pair.

Thus, if a number has an odd number of factors, then it is a perfect
square.
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To clearly understand this, let us reframe tlre argument as follows -(l) n has an odd number of factors
which implies

(ii) the existence of a factor-pamrer pair in which the
same number repeats, say (/l /

which impliee
(iii) n is a square numberi n = f xf
This only proves Q. It doesnlt prove that every square number has an
odd number of factors (Proposition P).

Is P true?
It is. The argument above can be morliffed to prove this.
we start with (iii). Clearly, (iii) implies (ii). Does (ii) imply (i)? Not

necessarilybecause (ii) does not state the number ofpats with repeating
factors. For example, if the number of such pairs is two - say (,1, and
(9, g) - what can we say about the number of factors? In such a case, the
given number will have an even number of factors.

However, a number cannot have more than one factor pair with
repeating factors, Ihus, a square number necessarily has an odd
number of factors, Hence Statement P is also true.

In this example, 'n is a perfect square' and 'n has an odd number of
factors' imply each otler.

lrenph{:, Proposition P: If two triangles have the same area, then they are
congruent., Converse Q: If two triangles are congruent, then they have the
same area.

Determine if these statements are true or not. Iusti$/ the true
statements and $ve a counterexample for each false statement.

These examples show that a proposition can be &ue but not its
converse, Or it can happen that both the proposidon and its converse
are Eue,

IlrlnlendBefloct
It can also happen that both the proposition and converse are false! Can
you give an example?
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Example 5: Here is a statement of the Baudhiyana-Pythagoras
theorem.

Let a, b, c be the sidelengths of a triangle. If the triangle is
right-angled, then a2 + b2 = c2.

What is its converse?
To write the converse, we keep the first sentence of the Baudhiyana-

Pythagoras theorem as it is, and make the necessary
Let a, b, c be the sidelengths of a triangle. If

triangle is right-angled.
Is this converse true?
Let AABC be the triangle with sidelengths a, b, c such that a' * b' = c'.

B

change
a'*b'

in the second.
= c" then the

a c

AC b

Construct another right triangle AXYZ whose perpendicular sides YZ
and XZ have sidelengths a and b.

Y

zbx
What can we say about the length of XY?
(Illnt Use the Baudhayana-Pythagoras Theorem.)
What can we say about AABC and N(YZ?
(Illnt Use the SSS criterian for congruence,)
We conclude that AABC had to be a right triangle after all.
Hence the converse ofthe Baudhayana-Pythagoras Theorem is also truet

a



ANote

We have seen that 'If X then Y can also be written as X implies Y.
Ttrese are not the only ways to express this meaning. It can be conveyed
through other words and sentence structures as well. For example, Y
when X also gives the same meaning. The following two statements, for
instance, have the same meaning.

Pr. oposidon: If a number is a perfect square, then it has an odd
number of factors.

Propoeldon: A number has an odd number of factors when it is a
perfect square.

1. Identi-ff real-life examples in which a proposition is true but not the
converse. Give nice counterexamplesl

2. Give more examples from geometry as well as number theory in
which a proposition is true but not its converse. Give appropriate
counterexamples.

Frame the converse for each of the propositions in Questions 1-12.
Then, determine if each of the two statements is true or not. Justiff the
true statements and give a counterexample for each false statement.

1. If avo lines are parallel, then the corresponding angles formed
by a transversal are egual.

2, If. a quadrilateral is a square, then all its angles are equal.

'i3 AGiven any AABC, Iet us bisect the angles
at B and C. The bisectors meet at the
incentre I of the triangle.

Now extend the bisectors beyond I till
they meet the opposite sides at E and F
respectively, as shown.

Proposition: IfAB = AC, then IE = IF.

E

cB

Ftg.9.1

Ptopositions and their converses S

F

ExEncrsr SEr 9.1
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4. If x =y, then a + .26 = 4 +y, where x,y and a are any three numbers.

This proposition and its converse are routinely used while solving
equations.

5. Ifa and D are perfect squares, then ab is a perfect square.

In Questions 6 and 7, x andy are real numbers.

6. If x =y, ttren I =y1
7. If x =y, then x3 =y3.

In Questions 8-12, n is a positive integer.

8. If n is divisible by 24, then it is divisible by both 4 and 6.

9. If n is divisille by 60, then it is divisible by both 5 and 12.

10. If n is the square of a prime numbe4 then it has exactly 3 factors.
11. If n is a product of two unequal prime numbers, then it has

exactly 4 divisors.

12. If n and n + 3 have no factors in common, then n is not a multiple
of 3.

13. There are no known'neat' expressions that generate only primes!
Find counterexamples to the following claims.
(i) AII numbers of the form 4n2 + 1 are prime.
(ii) AII numbers of the form n'+ n + 11 are prime.
(iii) AII numbers of the form 4n + 3 are prime.

14. Find counterexamples to the fouowing statements.
(i) If n is a prime numbe[ then 2'- 1is a prime number.
(ii) If n is an even number, then 2n + 1 is a prime number.

15. Consider the statement: 'If a number is divisible by 8, then it is
divisible by both Z and 4'.
(i) Justify the statement.
(ii) RecaII the divisibility shortcuts that we have studied for

di-fferent numbers. To check whether a given number is
divisible by 8, is it enough to check whether it is divisille by
2 and 4? Why or why not?

15. Recall that a shortcut to check whether a given number is
divisible by 3 is to add the digits of the number and check if
the sum is a multiple of 3. Express the relationship betlveen 'a
number is divisible by 3' and 'sum of the digits is a multiple of 3'
using'If-then' sentences.
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17. We have identified different types of quadrilaterals - squares,
rectangles, parallelograms, rhombi kites and trapezia. One
can identi! more types (e.g., we could create a category of
quadrilaterals that have equal-length opposite sides).

Suppose we have identified a category of quadrilaterals called Q,
and we have to construct a quadrilateral of this type. For this, we
are to use two thin sticks, put them together as diagonals so that
the quadrilateral obtained by joining their endpoints is of type Q
(see the Fig. 9.2).

Fig.9.2

(i) Suppose Q satisfies the following property.
If a quadrilateral is of type Q, then it has equalJength
diagonals.
(a) Shonld the two sticks be of equal length? Why or why

not?
(b) WiIl it matter how the ftvo sticks are put together?

(ii) Instead ofthe property mentioned above, suppose Q satisfies
the following property.

Ifa quadrilateral has equal diagonals, then it is of type Q.
What will be your answers to (a) and (b) now?

Crnrrsn Suuu.anv

A DroDortdoD is a statement that is true or false.

Ttre convcrrc of the proposition 'if P then Q' is the proposition
if Q then P'.

It can happen that a proposition is true while its converse is false,
It can also happen that both the proposition and its converse are
true, or both are false.

C{unttrrtlEpbt are instances that demonsEate the falEity of
a given proposition,
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10.1 Couawmc Tnmcs
In earlier grades, we looked at how the average conveys the 'centre' of
given data. In this chapte4, we shall extend the concept of average to a
more general setting called lnreighted average'.

10.1.1 Average of Averages

Example 1: In a badminton academy, there is a group of
11 trainees-8 seniors and 3 juniors. Their heights and average
heights (in cm) are given in the table below. Find the average height
of the whole group.

Two students calculate the average height of the whole group in two
ways:

Method 1

165.5 + 149.33

Method 2

2

314.83

11

,
= 157.415

=+ =161.0e

Whose calculation gives the correct average height of the whole group?
The average height of the whole group is the sum of the heights of

all eleven memlers divided by 11, as in Method 2.

Think and Reflect

seniors 165, 169, 164, 167, 170, 159, 164, 166 165.5

Iuniors 146, 149, 153 149.33

Why did Method 1 not work?

10
I How Quantities Combine:

f uoa"rrtanding Data

Heights (ir cm) Average lleight (in cm)

165+169+1 +167+170+159+164+166+146+149+153
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Method 1 does not work because it treats the average heights of seniors
and ofjuniors equally- but there are many more seniors than juniors!

_1324+ 448 _1772
11 11

= 161.09.

Do you understand why this also works?
Can you see why 165.5 x 8 gives the sum of the heights of all the seniors
and 149.33 x 3 glves the sum of the heights ofall the juniors?

This phenomenon is explained below with a generalisation.
Suppose we have two collections of data - Collection 1 and Collection 2.

Suppose the data in Collection 1,
having n values, is x1, xz, x, .,. , xn.

ltre average of Collection 1 is

xl+ x2+ x3 *... * xn

n a,

Thus the sum of the data in
Collection 1 is

xl+ x2+ x3+... + x1 = oI7.

Suppose the data in Collection 2,
having m values, isy,y,yr, ... ,y,,.

The average of Collection 2 is

)., + Jr+ J, + ... +-Y.

m

Thus the sum of the data in
Collection 2 is

Jt+ Jz+ Jz+ ... + yn = bm.

The average of the combined data is therefore
(Sum ofvalues iyQpllection l) + (Sum of values in Collection 2)

(Number of values in Collection l) + (Number of values in Collection 2)

an+ bm

F,xample 2: Iaspreet recently learnt
cycling. She has explored different
routes in her town. She tracked how
much time she cycled on weekdays
over the last 3 weeks. Find the mean
time spent cycling per weekday over
the last 3 weeks.

Well, I did it
differently and
got the correct

answer!

BI

Shreyas calculated it differently as

(165.5x8)+(149.33x3)
8+3

n+m
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Table 10.1: Time spent cycling, in minutes, by faspreet

Method 1

(12.8+15.8+18)

Method 2

(12.8 x 5) + (15.8 x 5) + (18 x 5)
3 5+5+5

46.63--
= 15.53

(64 +79 + 90)
15

= 15.53
The average time spent cycling bylaspreet onweekdays is 15.53 minutes.

We saw earlier how Method 1 (badminton example) did not produce
the correct value. Why does Method 1 give the correct answer in this case?
When does Method 1 work and when does it not work? Let us find out.

In general, the average ofdata in three collections is given as
(sum of values in Collection 7) + (Sum of values in Collection 2) + (sum of values in colledion 3)

(No. ofvalues in Collection 7) + (No. ofvalues in Collection 2) + (No. ofvalues in Collection 3)

=oP 
+ bq+ cr,

P+q+r
where a, b, c are the averages ofeach collection, andp, q, r are the sizes
of the respective collections.

In the cycling scenario, Jaspreet cycled 5 days every week for
3 weeks. This means that all three collections are of the same size,
that is 5. Thus, in the general form, the average becomes,

g+:!::r(where 
p is the size of the couections)p+p+p

_(a+ b + c\p _a+b+c.
3p3

This is the same as adding the 3 weekly averages and dividing the
sum by 3. Here, each week has 5 days, so each average comes from the
same numler of days; that is why treating each week s average equa[y
works. If the weeks had different numbers of cycling days, this method
would no longer be correct.

We see that when the sizes of the collections are the same, to find
the average ofthe combined collection, we can add the averages of the
collections and divide the sum by the number of collections.

Day 7 Dayz
I

Day3 | Day 4 Day 5 Weekly Average

week 1
Week 2

Week 3 18 18

TWo ways of calculating this are given here.



10.1.2 Mixtures
Let us consider what happens when things are mixed.

Example 3: TWo glasses of equal guantities of lemonade are
prepared. One glass has 100/o jaggery and the other has 20Vo jaggery. If
we mix the lemonade from both glasses, what is the concentration of
jaggery in the mixture?

Since both the glasses contain equal amounts of lemonade, the
mixture will have 150/o jaggery. We can also arrive at this mathematically-

Supposey is the quantity of lemonade in each glass.

The concentration of jaggery in the mixture is

quantity of jaggery in the mixture

y+y

= 
0.7y + 0.2, 

= 
0p 

= o.rs.y*y zy

Since the glasses had equal quantities of lemonade, the
concentration of jaggery in the combined mixture is midway between
the concentrations ofjaggery in the individual glasses. TNs is sirnilar to
the cycling example, where aII weeks had equal numbers of days.

Example 4: A bowl of 500 mL lemonade has 10o/o jaggery. A glass
of 200 mL lemonade has 20Yo jaggery. If we mix the lemonade from
the bowl and the glass, what is the concentration of jaggery in the
mixture?

Can you estimate what part of the mixture is jaggery? Is it 1590, or is
it more or less? Why do you think so?

Since the bowl has a larger quantity of lemonade, the concentration
of jaggery in the mixture will be closer to 1006 0ess than midway).

The concentration of jaggery in the mixture is given by
quantity of jaggery in the mixture

quantity of the mixture

500 x 0.1 +200x0.2
500 + 200

_50+40_ lO -r,.,- 700

How Quantittes Combine: und.erstanding Data 11

quantity of the mixture
10.,* 20,,
100-/ 100-z
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Notice that the final concentration is not the simple average of 10%
and 20Yo. It is closer to 10% because the larger quantity of lemonade
comes from the 10% mixture. In general, each concentration influences
the final concentration according to the quantity of mixtue it contributes.

Example 5: Brass is an alloy of copper and zinc. Batch A of brass
weighs 200 kg of wNch 70% is copper. Batch B weighs 12011g of which 50%
is copper. Batch C is 45% copper. When all three batches are comlined,
we get an alloy that is 55% copper. What is the weight of Batch C?

The concentration of copper in the mixture is given by
quantitlt of copper in the mixture

0.55 =
(Quontity of copper in Batch A + Qu@itity of copper h Batch B + Quantitj of copper in Batch A

0.55 =

Total we$t oI brass in all batches

2OO x 0.7 + 120 x 0.5 + y x 0.45
200+120+y

0.55 (320 +y) = 200 + 0.45y.

y = 240'
Batch C weighs 240 kg.

More generally, if n things with concentrations xl, x2 xe ... , xn and
respective volumes/weights lrrr, w2 w3, ... , l?o are mixed, the concentration
of the mixture is given by

_ _wrXr* w2x2+ w3x3+ -.. + wnXn

wr* wr* w3+ "' +w^

Such an average is called the weighted mean or weighted average.
Here, the preflx 'weighted does not refer to actual weights but abstract
weights; howevef,, in some cases, these can be actual weights. That is, the
weighted mean is an average where each value is weighted (multiplied)
by how important or how big it is. We shall study other contexts where
the weighted average is used.

The alove formula for the weighted mean was written down by
Brahmagupta in his work Brahmasphulasiddhenta (c. 628 CE). He used
the formula to deflne the mean depth x of an irregularly-shaped pit. If
the pit has depth measurement xl for length w. depth measurement x2

for length wr, ... and depth measurement x, for length w,, then the mean
depth x is given by the above formula.

quanttty of the mixture
Suppose y is the weight (in kg) of Batch C. From the given
information, we know that
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The concept of weighted arithmetic mean was also used by Indian
mathematicians like Srldhardcarya (c. 750 CE) to estimate the purity of
gold-alloys (essentially today's karat calculations).

The concept of the weighted mean eventually appeared in other
parts ofthe world, e.g., Europe, where it gained prominence by the 1700s.
The weighted mean now plays a crucial rolc across mathematics and
statistics, allowing us to combine data of different sizes or importance
into one number to give an overall accurate picture.

1. The average score of stlrderits on a test in Section A is 72 and
that ofstrrdents in Section R is 76. What is the conrbined average
of both the sections girrerr tlrat Scclion A has: 30 studcnts; anrl
Section B has 25 students?

2. A farmer mlres three equal quantitics of fcrlilisers. The first one
.1 (}

contains ,'o rritrogen, thc sccorrd corrtairrs 5l rritrugcr,, und tlr" tlritd
contains 

6fi 
nitrogen. What is the fraction of nitrogen in the rriixl urei'

3. (Sridhar.1cnrya, Patlganita, c.750 CE) In ancienf India, Varna
was the moasure of gold purity. A prrriti' of 16 \'arna lrcrrl pulc
gold; in goneral, a purilJr of k varna lncal]1 thal lhe gold allol'r,r;r:;
k/16 gold arrd the rcst impurities. (Norv lhe lorm usocl is k;rrat;
16 Varna - 24 karat.)

Suppose a goldsmith melts togethcr llrrec pielr':: of gokl:
I units at 12 varna, 5 units at 10 varna, ;rnrl .lT unils al I I virrna.
Find the purity in var4a of the combined gold.

4. The average rainfall per day in the monttrs of May, June, and frrly
in a certain location are 3.5 mm, 10 nrr11 and B-7 urrn respcctit,ely.
Write an expression that gives their conrbined avcrage.

5. Calculate the concentration ofspice nrir in these two sccnarios.
(i) A 100 mL kashayamt1<adftc with 506 spice mix, a 200 mL one

with 100/o spice mix, and a 300 nrl, orlc rvith 15olo spicc urix
are combined.

(ii) A 300 mL kasluyant/kddha with 5olu slrice mix, a 200 rul, onc
with 100/o spice mix, and a 100 I1L orc r,vith 159t spicc lriix
are mixed.

10.1.3 Custom weights
The weighted mean is also usedwhenever parts ofdata require different
levels of importance or weightage. Let us look at an example.

llxrncrsr Srr 10.1
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Example 6: Rehmat's marks in Maths are as follows: 60% in internal
tests, 64% in the proiect, 73% in the final exam. T}Ie annual percentage
score is calculated by combining the internals, project, and final exam
in the ratio 3:2:5. What is Rehmats annual score in Maths?

Suppose a1l modes of assessment had an equal weightage. Then the
annual score can be obtained by calculating the arithmetic mean of

60%, 64%, and 73eo, which i, !9:l$_fJ1= os.olr.

The given ratio 3:2:5 indicates the relative weightage and
importance that each form of evaluation gets. The data with these
relative weights is equivalent to 60, 60, 60, 64, 64, 73,73,73,73, 73. The

arithmetic mean is given o, @a*#ff = 67.3%.

This can also be expressed as a weightid mean of 60%, 64%, 73%
urith weights 3, 2, 5 respectively:

3+2+5

The weights assigned to the values in any data indicate the relative
imponance/emphasis that each value gets with respect to the others.

Savitri's marks in Kashmiri are as follows: 35 out of 50 in internal
tests, 44 out of 60 in the project, and 80 out of 100 in the flnal
exam. The annual percentage score is calculated by combining
the internals, ploiect, and flnal exam in the ratio 3:4:5. Which
of the following expression(s) gives her annual score (as a
percentage) in Kashmiri?

,., 35x3+44x4r80x5
3+4+5

(,too) "' (r+o) " - (^roJ' u
/sza,t
11001

= H = oz'ee6'

{,+o) "' 
. (ffi)' * . (*,0J "

1

(ii)

x4+ 80
i00

la+
\60(iii) f3*)

x3+

3+4+5

xS
x 100

. 3+4+5

Exrncrsr Sm L0.2
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(# "..)',. (ffi ,,'oo)' *' (ffi , roo), u

(iv)
3+4+5

Here are a few more situations where the concept of weighted mean is
relevant:

Food

service

Ambienc,e

is determined by the relative weights assigned to food, service,
and ambience. Suppose one of the customers has given a rating
as shown in the picture. Suppose the weights assigned to food,
service, and ambience are 4:3:2 respectively. The user's rating

forthe restaurantis 5' 4 + 3 x 3 + 4 x 2 - 4.11.4+3+2
2. Ratings of a product A store makes and sells portable furniture.

The store owners make changes to their products regularly. To
calculate the store's average rating, it makes sense for them to
give their current products more weight than older products.
For example, they may choose to assign twice the weightage to
customer reviews in the last 3 months compared to older reviews.

\ tre use weighted mean whenever we want the combined result to reflect
how much each part contributes to the whole-by amount, time, or
importance - rather than iust counting each part equally.

A stationery shop owner made t8000 selling books, of which 30%
is the proflt amount, and (1000 selling book covers, of which 50%
is the proflt amount. what is the percentage of proflt on the total
sales?

A white storkb migration is tracked. The average daily distance
travelled, calculated over 20 days, is ,14.5 km. On the 21st day,
it flew 55 km. What is the average daily distance travelled over
these 21 days? Make a guess before you calculate.

1

2

1. Ratings ofa hoteueatery: The orperience of
eating at a restaurant is influenced not only
by the taste or quality of the food but also
by the ambience and the service provided.
Every customer is asked to rate each ofthese
aspects. The customer's combined rating

MEAN HOTEL

*****
't*l.:;-,1;
****:r

Exnncrsr Srr 10.3
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4. At a panipuri @olgappa) stall, the
concentration of spice in the pani
(spiced water) was 8%. Many customers
complained that it was too spicy. What
quantity of regular water shonld be mixed
into the 10 litres of pani so that the spice

level is reduc_ed to (3J" of the original
concenratron'/

Aphysical fltness evaluation is being undertaken. The final marks
are calculated by combining the marks for strengtl, flexibility,
and agility in the ratio 4: 5 : 6. Rashi has scored 60, 65, and 70.
Keerthi has scored 55, 65, and 75 respectively.
(i) Find out whose total.is more without calculating.
(ii) What are their flnal marks?

A restaurant collected ratings from 10 customers on a scale of
1 to 5. The resulting data is shown in the table below.

What is the average rating if the metrics are comlined with the
weights food : ambience : service = 6 : 5 :4?

The following table shows the weight data of langurs in an
animal facility. Without doing any computations, can you tell

5

6

7

3. A 600 mL solution with 5olo salt is mixed with a 300 mL solution
with 8olo sugar. What are the concentrations of salt and sugar in
the mixture?
(i) SaIt:5olo, Sugar:8Vo (ii) Salt: 13ol0, Sugar: 3olo

(iii) Salt:6010, Sugar:60/0 (iv) Salt: 5.559o, Sugar: 8.88%
(v) Salt:3.33o/o, Sugar: 2.670/0 (vi) Salt: 4.1olo, Sugar: 7.08o/o

r\
oa

t-

5* 4* 3* z* 1*

Food 5 3 2 0 0

Ambience 0 4 5 1, 0

Service 1 2 2 4 1
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whether there are more male langurs or more female langurs?
Or are they equal in number?

(i) Which of the following expression(s) describes the given
scenario?

(a) ,u.riiir.t =,nrru

(b) 16'sx6;13'8Y 
= - 14'e2s

(c) 16.5x + 13.8y _ 74.925
2

(d) 16.5x + 13.8y
-t4.92516.5 + 13.8 -

(ii) Find out how many male langurs are present.
(iii) A female langur weighing 15.2 l(g is admitted to the

facility. What is the average weight of the female langurs
after this?

(iv) Two male langurs weighing 16.9 kg and 16.1 lg are released
from the facility. What is the average weight of the male
langurs after this?

(v) Now suppose one of the male langurs lost 1 kg of weight.
What is the average weight of all the male langurs after
this?

Dorjee has collected 1 Iitre of water from the Dead Sea! Using
the information in the table, answer the following questions. A
calculator can be used if necessary.

16.5 kg 13.8 kg 14.92s kg

60

Male
langurs

Female
langurs

All
langurs

Average
weight

Number
of langurs

8.



Dead Sea - 340h

Other seas and oceans = 3.5%

Ground water = 0.01%

Purified drinking water - 0.001%
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g,

(i) What is the salinity of the mixture if he mixes 1 litre of
water fTom the Dead Sea with 2 litres of purified drinking
water?

(ii) Is it possible to mix water from the Dead Sea and purified
drinking water to get a mixture with the salinity of
groundwater? WhyflMhy not? What quantity of purified
drinking water should Dorjee mix with 1 litre of water
from the Dead Sea to get a mixture having the salinity of
groundwater?

(iii) Is it possible to mix water from the Dead Sea and
groundwater to get a mixtue with the salinity of purified
drinking water? Why/Why not? What quantity of
groundwater should he mix with 1 litre of water from the
Dead Sea to get a mixture having the salinity of purifled
drinking water?

10.2 VISUALISING AND INTSRPRETING DATA

10.2.1 Stacking Columns

Ihe following table shows the average weekly erpenditure, in rupees (t),
of three families across categories. What would a cluster-column chart
for this data look like?

Teble 10.2

Can I drinl this?

1940 1700 1280 1200 1770 535

1750 1546 1500 1280 1,210 0

1700 1540 1400 1300 150950

I later Source Salinity

Housing Eood Education Tfansportation Healthcare Recreation

Family A

family B

Family C
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There are two possibilities depending on the choice of the cluster; the
clusters can be categories or families:

Comparint erp€ndilurc of femilies tclosa crtetorl€6

I rahilyAl ramily B I tamily C

2000

1500

1m0

5m

0

2000

15oO

1fi)O

500

"p
""'-""..-'"tJ "'""

0
EanityA tanily B

I rou*3 ! rood

t rnnsponaoon I xeatcarc

t mily C

I Educa on

I R€.r.adon

Fig. 10.1: Two cluster-column graphs showing dffirent
wcys ofvisualising the data in Table 10.2

Answer the following questions based on the charts above. Try to
answer each question by looking at Choice 1 flrst, and then Choice 2.
Which was easier?

1. which family spent the Ieast on housing?

2. Which family spent the most on healthcare?

3. Approximately how much did Family A spend on education?

4. Which category did Family B spend most on?

5. Did Family A spend more on food or on healthcare?

You may have found Choice 1 more suitable to answer Questions 1 and 2,
and Choice 2 more suitable to answer Questions 4 and 5.

The choice of the cluster-column chart depends on what the primary
focus is-comparing different families' expenditures in each category
(Choice 1) or comparing category-wise expenditures within each family
(Choice 2).

Find the answers to the following questions.

6. Which family spent the least amount overall?

7. Approximately how much did Family C spend overall?

comparinS cateSory-wisc .xpcnditure of cech frmily

"d
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8. Approximately what percentage of Family C's expenses were on
housing?

Was it as straightforward to answer these questions as the earlier
questions?

Is there a visualisation that makes it simpler to answer such
questions?

Look at the following visualisation of the same' data. Try to
understand how the chart is organised and answer the three
questions above.

Expenditure of three families in a month

Family A

Family B

Eamily c

1000 2000 3000 ,(}00 5000 6000 7000

:l Housing I Food Education

! Transportation I Healthcare ! Recreation

Fig. 10.2: A Stacked Bar Chart of the data in Tahle 10.2

80000

Such a graph/chart is called a stacked bar or column chart. Bars
within a cluster are joined one after the other in a particular order.
Stacked bar charts are used when we want to compare the totals
but also want to keep track of the components that make up the
totals. Here, the total length ofa full stacked (combined) bar represents
the total expenditure of a family in that month. AIso, the length of a
smaller bar and the fulI stacked bar can be compared to get an estimate
of what fractioh or percentage the smaller bar makes up of the full
stacked bar.

Now, use the stacked bar chart to answer the Questions 1-5
shown earlier.

Is it possible? Is it easy? If not, what made it harder than before?
Except for the flrst small baf,, the rest of the stacked small bars do

not begin from 0. This makes it a little harder to estimate the quantity
corresponding to a bar. AIso, bars across clusters need not have a
common base or a starting point. So, comparing bars within clusters
and across clusters may be harder. Howeve! seeing the totals of all the
clusters is easier.
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The following stacked column chart shows the number of animal
species in the IUCN Red List, by class, over time.

The Number of EndanSered Species is Rising The International Union
for Conservation of
Nature (IUCN) Red List
is a large, regularly-
updated database that
tells us the extinction
risk of species across the
world. It classifies species
into groups such as Least
Concern, Vulnerable,
Endangered, Criticauy
Endangered, Extinct in
the wild and Extinct,
based on scientific data
about their numbers,
trends and habitats.

Number of rntrrl spcd6 of tie IUCN Red fin, by d.8s

I Mammali tneptiles fBirds I Insects

Amphibians I uollurca (e{., snails) I Fish I Others'
15,000

12,000

9,000 7,851

6,000

3,00,0

0

14,234
12,630

71,212
9,618

2007 2010 2013 2016 2019

' Oder invenebra(e (spin€lessl animals, such ascrustaceans,
corals and arachnids (spiders, scorpions)

@oo statista Z

(i) What does the number 142:14 on the top of the column 2019
represent?

(ii) Approximately how many reptile species were in the list in
2016?

(iii) which class(es) of species have seen a relatively small
increase in count between 2007 and 2019?

The wickets taken by a bowler in International Cricket matches
till 2025 are shown in the table. Complete the given stacked bar
charts (the bar lengths can be approximate),

,

Exrncsr Sm 10.4

Test ODI "t20

Home 62 100 32

Overseas 172 49 77
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(i) comparing the total wickets taken at home vs. overseas:

Wickets taken at home vs. overseas

Test ODI TZ0

50 100 150 200 250

Test

oDt

T20

(ii) The total wickets taken in each format:

wickets taken in different formats

Home Overseas

50 100 150 250

10.2.2 A\ Alternative to Pie Chart

Try answering the following question based on the expenditure stacked
bar chart you saw earlier:

Which family has the smallest share of their total expenditure
towards healthcare?

Was it easy?
If not, what visualisation can help answer such questions easily?
Last yeal we learnt how pie charts can capture proportions of

quantities. Let us visualise this data through pie charts:

FrmIlrA Eemit E r.mil, C

2000

300

300

Fig. 10.3: Pie charts of data of each family in Table 10.2

Now consider the following visualisation showing proportions for
the same data:
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Relative expenditure of families across categories

Eamily A

Family B

Family C

0% 2sx 50q6 75% 100%

I Housing I Food * Education
I Transportation I Healthcare ! Recreation

Fig. 10.4: A 700% stacked. bar chart of data in Table 10.2

Here, the total expenditure of each of the three families is shown
by a stacked baf of a fxed length. The lengths of the smaller bars in
each stacked bar are proportional to the corresponding expenditures
of that family. Such a chart is called a 1ull5 stacked bar chart. It
is similar to a pie chart -the complete angle in a pie chart is split
proportionately based on the quantities, whereas here, a fixed length
is split proportionately.

In pie charts, comparing angles in different orientations may
be diffisul1. It may be easier to compare lengths across stacked bars.
Howeve4, even in 100% stacked bar charts, if the lengths ofa particular
bar are similar across the stacked bars but the location is different,
comparison may be difficult, as in the chart above.

Powering Up!

Example 7: The average category-wise daily electricity consumption
of a house, in kwh, in 2005 and 2025 is shown in the table below. The
corresponding stacked bar chart is also shown.

I Lighting I Cooling Kitchen appliances ! Otler appliances

0

2005

2025

500 1000 1500

How Quantities Combine: Understanding Data 23

LiShting cooling Kitchen
appliances

Other
appliances

2005 360 300 120 220

2025 220 800 460 520
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Make the corresponding 100% stacked bar chart.
In 2005, the total unit consumption was 360 + 300 + 120 + 220 =

1000 units.

The percentage share of lightinS in mis was ffi x 100 = 36%.

Similarly, the percentage share of cooling, kitchen appliances, and
other appliances was 30%, 12%, and 22% respectively.

The calculation for the year 2025 can be done in the same way.

I LtChting I Cooling is Kitchen appUances I Other appliances

2005

2025

0% 25 50% 75%

What do you observe? What do you find interesting in the data/graphs?
Discuss with others.

What Can We Infer?

Example 8: The 1000/o stacked bar below compares the proportion
of flowers blooming in Fatima's garden and Naveen's garden across
seasons.

Proportion of flowers that bloomed across seasons

r. Summer ! Monsoon I Winter

Fatima

Naveen

0%

Which of the follonring statements can be inferred from this chart?
(i) In Fatima's garden, there were more blooms in the summer

than in the monsoon.
(ii) In summef,, Fatima's garden had more blooms than Naveen's

garden.
(iii) In winter, Fatima's garden had fewer blooms than Naveen's

garden.
(iv) The total number of flowers, across seasons, is the same in both

gardens but it varies in each season.

(Hint Find out the blooms per season in each garden if both the
gardens had the same total number of blooms over the year. Similarly
find out what happens if the totals are very different.)

25% 50% 75%

36% 30o/o t2% 22%

1190 4OVo 23go 26%

30o/o50 20%

,1{)% 2SVo
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What does the 100% stacked bar tell us?
In each garden, the total number of flowers for the whole year is

shown as one bar and is taken as 1009o. The colours show what fraction
ofthat total bloomed in each season. So for Fatima's garden, the bar tells
us: 50% of her flowers bloomed in summe4 30% in monsoon, and 209o
in winter. For Naveen's garden, the bar tells us: 40% in summel 35% in
morisoon, and 25% in winter.

Statement (i): It compares seasons within the same garden
(Fatimat). So, within Fatima's garden, the summer part is the largest
fraction. This means she actually had more flowers in summer than in
monsoon. So, (i) must be true.

Statements (ii) and (iii): These compare across gardens in the same
season.

For example, in statement (ii), Fatima has a higher percentage in
summer (50o/o) than Naveen (40olo). But the chart does not tell us how
manyflowers they each had in total. Naveen's total could be much larger.
Then even 40% of Naveen's total might still be more flowers than 50Yo
of Fatima's total. That means we cannot be sure who has more flowers
in that season. Hence, (ii) and (iii) cannot be inferred from this graph.

Statement (iv): A 100o/o stacked bar chart always shows each bar as
'1009o' ofthat garden's total. It does not tell us whether the totals for the
two gardens are equal or not. Many different total numbers can give the
same 100% bar. Therefore, we also cannot say anything about the total
over the whole year from this graph.

A 100% stacked bar chart helps us compare fractions/percentages
inside each garden, but it does not tell us the actual numbers of flowers.

Two possible stacked bar charts are shown below for the 1000/o

stacked bar chart we just saw.
Numtrer of flowers that bloomed acroEs seasons: Case 1

Summer I Monsoon I Winter
l

Fatima
I

Naveen ,18

105

@
0 s0 100 150 200

Number offlowcrs that bloomed across seasons : Casc 2
Summer lMonsoon I Winter

I

Fatima 90
I

96

101, roo= so* ,91,roo=:oq6 12,too zoooz-to 270 210

4!,roo= lo* !l,1so = 25e6 -11,roo :sc6tzo 720 120

!1'roo=so* l1,roo=:o* !l'166-2se6
180 180 180

tNaveen

0

19.roo looo 6-o .,oo ,s* 9o .,* ,r*240 240 240

42

54 36

60 84

50 100 150 200



26 canita Manjart I crade 9 | Part II

Think and Reflect

1. what does &is say about the scope of the stacked bars and 100%
stacked bars?

2. Given a stacked bar chart can we make a corresponding 100% stacked

, bar chart?

3. Given a 100% stacked bar chart can we make a corresponding stacked
bar chart?

4. What kind of inferences or comparisons can be made from a stacked
bar chart and in a 100% stacked bar chart?

A Tlpical Day

Example 9: The
following chart shows
the time spent on
different activities in
a day by the average
Indian. What do you
notice? What do you
wonder about?

You may point out
that you don't do much
work and that your
parents don't spend
any time learning.
Note that this strip is
representative of people
across ages, genders,
regions, sociaUfamily
baclgrounds, etc., across
India.

The Average Indian's day

Io*, | "ouwo* I *"-*
! rtronar crn ! unnaa wo* a care f Lebul!, so.tel & rr.vd

Sourcc: Na onal Ttne Us. Suvey 202{

frd'. 10.5.' fime spent on diJlerent activities in a
day by an mterage Indian (Values are rounded ofr)

s

T

Notice that the percentage of flowers that bloomed in summer is more in
Fatima's garden but this doesn't say anything about the actual number -Fatima's garden has more blooms than Naveen's in summer in Case 1

but her garden has fewer blooms than his in Case 2. Also, in Case 1

both Fatima's and Naveen's garden had 42 blooms but the respective
percentages are dilferent.

10()!.

75S

50q6

2596

0%

2{h

r8h

r2h

6h

0h
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When we visualise the same data by grouping ages, we get the
following stacked column chart:

Childr€n (6-14)

Time use by ate group

Youth(1}z4) Adults(25-59)
100%

0%

Elderly (60+)

18h

12h

6h

0h

aI ss%
,

I slc.p I Pald work
I l!r!on.l c.r! I Unprid worr( & c.r!

soufter Nadonal Tlme Use Survey 2021

I Lurnlng
I L!ieur.. Smirl & tavel

Fig. 10.6: Age-wise grouping of data (Values are rounded of)

1. What do you find interesting in the chart above? What can you infer?
Discuss.

2. Do you remember the sleep time over age trend that you studied last
year? Does that trend align with this chart?

3. Can you explain why the learning time of people in the age group 15 - 24
has reduced significantly compared to that ofthe age group 6 -14?

4. Do adults spend about an equal amount of time in paid and unpaid
work? What do you think?

75q6

25%

|l,"

Il1

24h

Think and Reflect
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There might be a very small fraction of people whose day is similar/
close to that of the average Indian' As we saw here, looking at only the
average of a diverse collection often hides the differences and nuances
within the data. we observed age-specffic activity trends using this
chart, which gave us a better idea. We could break these down further
with respect to gender to examine any gender-specific trends within
age Sroups.

You may wonder if there are differences across regions (e.g., rural
and urban), or income, etc. You may be curious to look into the details -
such as, what is included under personal caie for different groups, or
how does time spent on travel vary across cities and towns/villages?
What we spend time on also depends on the times we live in. Clearly, a
few decades ago, people didn't have access to mobile phones or
televisions. Only time will tell what such charts will look like after a few
decades. We may also ask-how do people in other countries spend
their time? How similar or different are the trends?

What type of chart is
this-a stacked bar chart or
a 100o/o stacked bar chart?

It is both! It is a stacked
bar because each small bar
represents the amount of time
spent on a certain activity. It
is also a 100o/o stacked bar as
each stacked bar's total is the
same, i.e., 24 hours, and the
lengths of the smaller bars
within and across the stacks
also represent the relative
proportions of time spent.

Think and Reflect

Do you remember the "Vvhat Can A Strip Say?' activity from last year? In
each strip, if we club the tiny sti"ips belonging to each activity togethe!
will we get a 100% stacked bar chart like the one in Fig. 10.6?

Ifthere is only one
stacked bar, it can also

be read as a 100%
stacked bar!!
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1. The smart watch data of 5 people was tracked from Monday to
Friday. The recorded data tells us how many hours each person
spent lying down, sifting, and standing or moving around, etc., as
shown in the following table.

Table 10.3: Average number ofhours spent per day (Monday-Friday)
Iying down, sitting, and standing or moving around, etc., of 5 people

(D

(ii)

(iii)

How much tirne does Sahana spend per day in each ofthese
body-states? Make a reasonable guess and filI her row in the
tabIe.
Guess what activity or work fulie could be engaged in based
on the data. Find out what your classmates' guesses are.
Complete the chart below based on the tabular data.

! lyir,g do*,n I sitting I $anding/Moving around, €tc.

Pavani
(Patien0

Raghu
(Nurse)

Zafir
(Ieach€r)

sahana
(Studen0

lulie(---J

--I
0% 25% 50% 75% 100%

Exnncrsr Sm 10.5

Lying down Sitting Standing or Moving
around etc,

Pavani (Patient) 20 3 1

Raghu (Nurse) 7 4 13

Zakir (Ieacher) 8 6 10

Sahana (Student)

Iulie (_________J 8 10 6



Think I
1. WilI the bars look similar if a di.fferent teacher's data is considered

instead of ZakirS?

2. Will the bars look different if the data for all 7 days of the week is
considered?

3. Some bars in the chart may also match people doing other kinds of
worlvactivities. Can you tlink of any? Discuss.

In cricket, the run rate is the average number of runs scored
per over. In a T20 match, a team scored 6 runs in the first over
making the run rate 6.
(i) In the second over they scored 12 runs. What is the run

rate now?
(ii) After Over 19, their run rate was 6. What is the run rate after

20 overs given the team made 12 runs in the last over?

Five friends who play badminton
surveyed the city and collected
the price ofshuttlecocks across brands
and types (Nylon and Feather). The
following is the list of the prices, in
rupees Ct), that each one compiled.
Yusuf:40(N), 105(N), 383(F), 108(N),
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1

z

t

Er.m-or-Cnep,rrn ExEnctsrs

165(F), 116(F) Nylon shuttle Feather shuttle

Srikanth: 194(N),85(N),93(N), 121(N) oo G)

Kashvi: 49(N), 297(F), 105(N), 27s(F),,0(N)
Prasanna: 124(N), 333(F), 182(M, 258(F)
Grary: 220(F), 458(F), 129(D, 183(N)

Can you describe a way they can work together to find the average
price of a shuttlecock across types?
(i) Each one calculated the average of the prices they had

gathered. Suppose tlese are a", a", a*,, a, a, respectively.
Write an expression that gives the combined iverage.

(ii) Suppose an, ar are the average prices of the nylon
shuttlecocks and the feather shuttlecocks, respectively.
Write an expression that gives the average price of a
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shuttlecock. Will this be equal to the answer we got using
the method in the previous part?

3. Shreyas holds 25 shares of a company at an average price of
t150 and Vaishnavi holds 5 shares of the same company at an
average price of t150.
(i) Shreyas buys 10 shares of this company at a price of t30 each.

What is the average price per share for him after the purchase?
(ii) Vaishnavi buys some shares of this company at a price of

t30 each and the average price per share for her after the
purchase is t70. How many shares did she buy?

4. (Pr,thtrdakasvaml commentary on Brahmagupta's
Brdhmasphu{asiddhanta, c. 864 CE) A "hasta" (meaning
"forearm") refers to a unit of length measuring around 18 inches.

A pool 30 hastas long is dug to different depths along its
length. It is divided into 5 sections having lengths 4, 5, 6, 7, and 8
hastas, and is dug to depths of9, 7, 7, 3, and 2 hastas, respectively.
Find the mean depth of the pool.

5. Suvarna had purchased 19 gold at t15k (short for t15,000). This
is shown by point O denoting the average price of gold that she
possesses. Six difrerent scenarios are given below for her next
transaction. For each scenario estimate and mark the average
price of gold she will have after the transaction.

o

0 510 1s 20 2s 30

(i) Purchase 19 gold at t30k (ii) Purchase 2g gold at t30k
(iii) Purchase 19 gold at t10k (iv) Purchase 109 gold at t10k
(v) Purchase 0.59 gold at t30k (vi) Purchase 0.Sggold at t15k

6. Given some data with corresponding weights, how would the
weighted average change if all the weights are doubled? If
required, experiment with some data. What do you observe?
Justiff your answer using algebra.

7. Answer the following questions based on the graph.
(i) In 2003, approximately how many total objects were found' orbiting Earth in space? In what year did this number double?
(ii) Find the approximate number and shaie of payload objects

and other objects in the year 2025.
(iii) What can you say about the number of payload objects over

time, and the number of other objects over time? What can
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you say about the share of payload objects over time, and
the share of other objects over time?

8. Observe the following infographic.

What Percentage of Schools
have a Playground?

G

tlL
G

,tt '-/

I
at7JA

,17

aa1

t'l

! Cumulari\e number of obiects currenlh' orbiting Earth.
br- riear of launch separarion (as of .\pr. :J. :016)

I la\ lrltl .blerls' a Orher r:rjp.r."

r*
\:/o d_6

.--,,ilttil[lill
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ta;

,a7

t

G

t!*



How Quontities Combine: Understanding Data 33

(i) Identify the correct inference(s) from the statements given.
(a) More schools have a playground in Haryana compared

to Uttarakhand.
(b) Approximately every 2 out of 3 schools in Arunachal

Pradesh have a playground.
(c) Punjab has the highest number of schools with a

playground.
(d) Suppose it is given that Maharashtra has more schools

than Telangana. Then the number of schools having a
playground is more in Maharashtra.

(ii) Using the information given, can we flnd the nation-wide
percentage of schools with a playground? If not, what
additional information is needed?

Decision Dilemma:
(i) Which of the plays would you choose to watch based on the

following chart?.

share of ratings of three pliF
I r***r a **** I *** t *r I *

9

PlayA

Play A

Play C

0% 25% 15%

(ii) The corresponding stacked bar chart is shown below. Would
you change your decision after looking at this chart? Why/
Why not? Discuss.

Ratings of three plays

I ***r* ll **** S *** I ** a *

s0%

Plry A

PI., B

Hryc

0 250 500 750

10. A triathlon is an endurance race consisting of swimming 3.8
km, cycling 180 km, and running 42.2 l$i. Athletes compete
for the fastest overall time, completing each sqgment in that
order. The following table shows the flnish time of 3 athletes
in each segment.

E
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Ilble 10.4: Finish time of three athletes in each segment
of a triatNon race (values in hh : mm)

(i) What is a suitable representation of this data-a stacked
bar chart or a 100% stacked bar chart? Why do you think so?

(ii) Suppose a 1000/0 stacked bar chart is drawn. Which of the
following question(s) can be answered by looking at just
that chart?
(a) Who flnished the race flrst?
(b) Approximately what fraction of their race time did

AtNete 1 spend cycling?
(c) Which athlete took the longest for running?

11. Look at the following graph. What do you notice? What do you
wonder? Write your inferences.

Distribution of disabled persons by age group and type of disability in India (Census 2011)
l*re I t.-ing S "p*.r, l -.*n-, ! h€nraldardation f --briu"^ l."yoa- I nrltrpr.dieb ny

Gl9

2G39

4G59

60&

O2r,()m

12. miirithd poicct Do at least one of the following.

80 1m

(i) Recall the previous day and fill in the approximate time
spent lying down, sitting, and standin8/moving around, etc.
Ask at least 2 of your family members about their day and
fiIl it in. Alternatively, you can choose to trackjust your own
body-state for any one of the weekdays, Saturday, and Sunday.
Visualise it using a stacked bar chart. Discuss with your class
how you arrived at the estimated time spent in each state.

(ii) Visualise your familys monthly expenditure using a 100%
stacked bar chart.
(a) First, identify the expense categories in your family

budget.

01:08 05:00 03:15

01:05 05:10 03:35

01:22 05:55 03:50

Swimming Cycling Running

Athlete 1

Athlete 2
Athlete 3
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74.

+15.

+16.
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(b) Discuss with your family members to decide how you
will collect and organise the data.
Collect expense data for at Ieast 3 months.
Represent the data in a 100% stacked bar chart, with
each bar showing how the total monthly expenditure is
divided across the different categories.
Finally, write your observations and inferences based
on the chart.

(c)
(d)

(e)

Small-group project: Make a group of 3-4 students. Choose
one scenario to design a custom rating scheme by assigning
appropriate weights: (a) shopping experience at a cloth store,
O) travel experience in a bus, (c) tourism experience ofa nearby
tourist spot, (d) clinic/hospital experience
(i) Discuss and arrive at 4H aspects to rate. For each aspect

chosen, justify why it mafters for an overall experience.
(ii) Discuss and decide the relative weights and justify.
(iii) Collect or imagine ratings from at least 10 people on a scale

of 1-5 (5 being very good).
(iv) Compute each individual rating. Compute the overall

average across individuals.
(v) Make a 100% stacked bar chart using your data.
(vi) Write a short note on the observations and inferences, what

your rating system captures well and what it misses.

Whole class project: Each student shares the average age of
their family and the number of family members. Discuss among
the class and come up with a way to find out the average age of
all the families of the class.

Given some data with corresponding weights, what would
happen to the v/eighted average if all the weights are
increased by a constant value, say 1? If required, experiment
with some data. What do you observe? Justify your answer
using algebra.
A farm has some cows, sheep, and chickens. Last year the cows
made up 60%, the sheep 25%, and the chickens 15%. There was a
decrease in the number of all three animals' population over the
year. Choose the possililities for the change in their respective
shares of the population -
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(i)

(ii)

(iii)

(iv)

(v)

% of cows decreased, % of sheep decreased, % of chickens
decreased
o/o of cows increased, % of sheep increased, % of chickens
increased
% of cows remained the same, 0/o of sheep remained the
same, o/o of chickens remained the same
Yo of cows decreased, % of sheep increased, % of chickens
remained the same
0/o of cows increased, o/o of sheep increased, 9o of chickens
decreased.

CHAPTER Suuuanv

The weighted average or weighted mean of x, Xr Xy ..., xn with
weights w1, w2, wr, ... , w. respectively is given by

x _ wrxr + w2x2 i w"x" t ,., + wnxn
wr* wr* w3+ .., + wn

An average of averages can be conlputed using the weighted
mean. The weighted mean can also be used to calculate the mean
r{hen certain values are added to or removed from data.

The weighted average is also usefuI in calculating the
concentration of mixrures.

Whenever different parts.of data have different number of
values or levels of importance, the weighted mean can be used by
assigning appropriate weights to each part of the data. Examples
include rating systems and combining marks of difierent
assessments to get a flnal score.

Stacked bar charts may be used in place of cluster bar charts if
the total of each cluster is also a matter of interest.

100% stacked bar charts, like pie charts, compare proportions
and not absolute values.

Given a stacked bar chart, a corresponding 100% stacked bar
chart can be made but not vice versa.
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These ddys the word 'algorithm' pops up everywhere. What exactly is
an algorithm? What does it have to do with mathematics?

Algorithm to add two numbers

1. write the numbers one below the other in the Indian base-
ten place-value system so that the digits ane aligned
from right to left.

2. Add the rightmost digits.
- If the sum is less than 10, ryrite the sum directty

below the two digits. Set the value of carry to 0.

- I+ the sum is more than 10, write the units digit of
the sum directly betow the two digits. Set the value
of carry to 1,

71

11.1AooTNc NUMBERS

we first learned to add numbers by counting th9 33333oo
sum explicitly. To add 5 and 7, we would draw 5 ""
dots to represent the number 5, then draw 7 more t- _- 1- _-
dotstorepresentthenumberT, andfinallycount 17? 479 473
the dots,lz, to get the unrr,,,ui. Imagine add.ing + 69! + 69i $91
.large numbers tiiis way, for instance 473 + 695! 8 68 1168

Fortunately, we discovered a much faster way to add numbers.
We wrote the numbers one below the other in the Indian number
system, with the rightmost digit aligned. We then added each column
from right to left, remembering to add a carry to the left if the total was
egual to or more than 10.

11.1.1Adding Numbers Digit by Dtgit

This is an example of an algorithrn, a step-by-step procedure to arrive
at an answer. We describe an algorithm by writing down the steps as
precisely as possible. For instance, here is one way to describe our '

addition algorithm.
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3. I'love to the next cotumn of digits on the left. Add the
two digits and the cuEent value of caffy.
- If the sum is less than 10, write the sum directly

betow the two digits. Set the value of carry to 0.

- If the sum is more than 10, write the units digit of
the sum directly below the two digits. Set the vatue
of carry to 1.

l.l. Repeat Step 3 until there are no more digits on the
te+t .

5. If the value of carry is 1, write 1to the teft of the
bottom row.

Exrncrsr Srr 11.1

1. Add two +digit numbers using the steps we have written down.
Make sure you follow the steps precisely; do not perform any
action that is not explicitly mentioned. Are you able to obtain the
correct result?

2. What happens if you add a s-digit number to a 3-digit number. Do
our steps handle this situation correctly?

3. Why is it important to align the columns from right to left?

4. In Step 3, why cannot the value of carry be more than 1?

5. What happens if we do not include the fifth step in the algorithm
above? Give examples where the algorithm will work correctly
and where it wiU fail to work.

There is also an important assumption in this algorithm, namely, that
we know how to add single digit numlers without counting them out.
Typically, any algorithm is built using such basic steps that we assume
we can perform directly.

The main advantage of this algorithm is that it is much faster than
counting explicitly. For instance, ifwe move from adding 3-digit numbers
to adding +digit numbers, we have 10 times as many dots to draw and
count. On the other hand, if we add the digits right to left, as in the
algorithm above, we only have to add 1 more column. Likewise, S-digit
numbers would generate 100 times as many dots as 3-digit numbers,
but only 2 more columns to be added.
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In concrete terns, suppose we can count one dot per second- To
count the dots in 33 + 27 would take a minute, to count 334 + 272 would
take about ten minutes, while 3i147 + 2729 would take over one hour
and forty minutes.

On the other hand, suppose we work slowly and carefirlly and
take 15 seconds to add two single digit numbers with a carry. Adding
33 + 27 would take about half a minute, while 334 + 272 would take
about 45 seconds, while 3347 + 2729 wotld take about one minute.

Whenever we provide an algorithm, we also have to justifr why
it works. Combining the dots and counting the sum is how addition is
deflned. Why does adding individual digits ftom right to left result in
the sum of the two numbers? The key idea is that we are grouping each
number into units, tens, hundredq ... and adding each group separately.
Whenever a smaller group, say units, generates a large group often, we
carry over the newly formed ten to the tens group.

1. See if you can complete the argument about grouping by units, tens,
hun&eds, ... to justiry why the addition algoritlm works.

2. How wonld you modi! the algorithm to add two decirnal fractions?

In the rest of this chaptel we will explore the idea of an algorithm
in more detail and in some other contexts.

11.2 GnEerrsr CouuoN DrvIsoR

Let us look at a familiar problem: computing the greatest cotnmon
divisor Gcd) or highest common factor Ocf) of two numbers. we
have already learned difrerent ways to solve this problem, using prime
factorisation and other methods.

How can we solve the problem ftom the definition of gcd? How do
we write down an algorithm for this?

The first step is to understand what is required and break down the
problem into smaller pieces that we know how to solve.

. We want the greatest common divisor of two numbers.

. For this, we need to first compute the divisors of both numbers
and note them down.

. Once we have done this, we need to compare the two collections
of divisors and flnd the largest number that is present in both
collections.
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11.2.1 Computing the Divisors of a Number

Suppose we want to compute gcd(375, 825).
How do we flnd the divisors of 375? The divisors of a number are

just the factors of that number. Clearly any diviso4 or facto[ must lie
between 1 and 375. The simplest way to find the divisors is to check
each number betlveen 1 and 375 and see if it divides 375.

We also have to keep track of the divisors of 375 so that we can
compare them with the divisors of 825. We can maintain each of these in
a sequence, or a list. How do we create the list of divisors of a number?
When we start, we do not know any divisors, so the Iist of divisors is
initially empty. Every time we flnd a new diviso8 we add it at the end
of the list.

Here is how we can wdte down this algorithm to find the Iist of
divisors of any number n.

Algorithm to find the divisors of n

1. Start with an empty list-of-divisors .

2. For each number j in the sequence 1,2,3,...,n
- if j divides n, add j to the list-of-divisors .

Notice how we use names tist-of-divisors and j to identiry the
values that we keep track of in this algorithm. If we do not use j to
identiry the number we are checking next as a possible diviso[ it would
be clumsy to describe what to do each time we flnd a divisor.

Running through an algorithm step by step is also called executing
the algorithm. Let us execute this algorithm for a small numbe[
say 18. We use square brackets to denote a list of values-for instance,
[1,4, 9, 16].

Let us see how this algorithm works for a small numbeq say 18.

. Initially tist-of-divisors is empty [ ).

. 1 divides 18, so we update tist-of-divisors to [1].

. 2 divides 18, so we update tist-of-divisors to [1, 2].

. 3 divides 18, so we update tist-of-divisors to [1, 2, 3].

. 4 does not divide 18, so we leave tist-of-divisors unchanged as

11,2,31.
. 5 does not divide 18, so we leave tist-of-divisors unchanged as

t1, 2, 31.
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. 6 divides 18, so we update tist-of-divisors to [1, 2, 3, 61.

. 7 and8 do not divide 18, soweleave list-of-divisors unchanged
as [1, 2, 3, 6].

. 9 divides 18, so we update tist-of-divisors to [1,2,3,6,9].

. 10, 11, 12, ...,17 do not divide 18, so we keep tist-of-divisors
unchanged as [1, 2, 3, 6, 9].

. 18 divides 18, so we update tist-of-divisors to 17,2,3,6, 9, 181.

Thus, at the end of the algorithm we have divisors(18) = 11,2,3,6, 9, 181.

Notice that the list is also in increasing orde4 because we checked for
divisors systematically, from 1 to 18.

what is the basic step that we assumed in this algorithm? It is that
we know how to compute when a smaller number divides a larger
number.

If we go through the steps of the algorithm, we get the following answers.
. divisors(37S) = [1,3,5, 15,25,75, 725,3751
. divisors(825) = 11,3,5, 11, 15,25,33,55,75, 165,275,825'l

Think and Reflect

Try to execute the algorithm to compute the divisors of 15, 135, and 775.
How does the amount of work increase as the numbers grow?

11.2.2 finding the Greatest Common Divisor

The second step in our procedure to find the gcd is to compare the lists
of divisors of the two numbers and flnd the largest number that appears
in both ]ists.

Ifwe look through the divisiors of 375 and 825 above, we see t]lat the
answer is 75. What if the numbers were 54000 and 81000?

divisors(54000) = 17,2,3,4,5, 6,8, 9, 70,72,15,16, 18, 20, 24,25,27,
30, 36, 40, 45,,18, 50, 54, 60, 72, 75, 80, 90, 100, 108, tzO, t25, 135,
tM, 150,180, 200, 276,22s,240,2s0,270,300,360, 375, 400, 432,
450,500, 540, 600, 675,720,750, 900, 1000, 1080, 1125, 1200, 1350,
1500, 1800, 2000, 2160, 22s0,2700,3000, 337s, 3600, 4s00, s400,
6000, 6750,9000, 10800, 13500, 18000, 27000, 540001
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. divisors(81000) = t1, 2, 3, 4 5, 6, 8, 9, 10, 12, 15, 18,20,24,25,
27, 30, 36,40, 4s, 50, 54, 60,72,75, 81, 90, 100, 108, r20, 125,
135, 150, 162, 180, 200, 216, 225, 250, 270, 300, 324\ 360, 375,
405, 450, 500, 5,10, 600, ffi, 675, 750, 810, 900, 1000, 1080, 1125,
1350, 1500, 1620, 1800, 2025,2250,2700, 3000, 32,(), 3375, ,050,
4s00, s400, 6750, 8100, 9000, 1012s, 13s00, 16200, 202s0,27000,
40500,810001

It is no longer so simple to just inspect the lists to find the largest
element common to both of them! We need to do this systematically.

we compute a new list, the list of common divisors. As before,
when we compute the list of divisors, this Iist is initially empty. For
each divisor in the first list, we check if it belongs to the second list. If
it does, we add it to the list of common divisors. Notice that 1 divides
every numbe[, so the list of common divisors will have at least one
entry, 1.

Using this, we can compute the list of common divisors of 541000
and 81000, to be [1, 2,3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 24, 25, 27 , 30, 36,
rl0, 4s, s0, s4, 60,72, 75, 90, 100, 108, 120, 125, 135, 150, 180, 200,
276,225,250,270,300, 360, 375, 450, 500, 5,10, 600, 67s, 7s0, 900,
1000, 1080, 112s, 13s0, 1500, 1800, 2250,2700,3000, 3375, 4500, 5400,
6750, 9000, 13500, 270001.

Since we know that each list of divisors is in increasing orde4 it must
be the case that the list of common divisors is also in increasing order.
Hence the largest common divisor is the rightmost element in tfre list. In
other words the gcd of 54000 and 81000 is 27000.

11.2.3 First Algorithm for gcd

Combining the steps above, we can write out a complete algorithm to
compute the gcd of two numbers m and n. This makes use of the earlier
algorithm to compute the list of divisors of a number.

Algorithm to find gcd(m, n')

1. Let divisors-of-m be the tist obtained by computing
divisors (m)

2. Let divisors-of-n be the list obtained by computing
divisors (n)

3. Start with an empty tist common-divisors
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4. For each number x in the list of divisors-of-m
- If x atso appears in the list of divisors-of-n, add
x to the tist common-divisors

5. Report the rightmost etement of the list common-
divisors as gcd (m, n)

When we execute this algorithm for gcd(375, 825) we check whether
each of the divisors [1,3,5, 15, 25,75,125,375] of375 appears in the list
ofdivisors [1,3,5, 11, 15, 25, 33,55,75, 165, 275,825'l of825. We see that
1, 3, 5, 15, 25 and 75 are in the second list while 125 and 375 are not. So
we compute the list of common divisors to be [1, 3, 5, 15, 25, 75]. Since
75 is the rightmost element in this list, gcd(375,825) = 75.

11.3 Dem Stnucrunrs
When we execute an algorithm, we compute intermediate quantities,
such as the list divisors-of-m and the list divisors-of-n. To keep track
of these values, we use names such as divisors-of-m and divisors-
of-n, respectively, so that we can refer to them Iater in the algorithm.
As we remarked earliel assigning names to intermediate values is
important for writing down algorithms concisely.

Also, these intermediate values are typically more complicated than
just simple numbers. In this case, we maintain lists of numbers and, in
fact, lists that are arranged in ascending order. A list is an example of
a data strructure. Data structures allow us to organise information in
a manner that helps make an elgorithm more emcient. We will explore
this idea in higher grades.

Suppose List 1 and List 2 are wo lists of nurnbers in increasing
order.
(i) Write an algorithm to find elements in List 1 that are not

present in List 2.

(ii) Write an algorithm to flnd elements in List 2 that are not
present in List 1.

Describe an algorithm to compute the least corrrmon multiple
Ocm) of two numbers.

1

2

Exrncrsn Sur 11.2
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+3. Divisors occur in pairs. For instance, the divisors of 18 are (1, 18),
(2,9) and (3,6).

(i) If we write out divisors in pairs, how many numbers do we
have to examine between 1 and n to find all the divisors of n?

(ii) If we list out the divisors in pats, will our gcd algorithm still
work in the manner we have described?

11.3.1 Improving the Algorithm

Compute both lists of divisors together

In the algorithm above, we first check all numbers betvveen 1 and m to
find the divisors of m. Then we start again with 1 and check all numbers
betlveen 1 and n to flnd the divisors of n. This means we have to scan
m+npossibledivisors.

We can combine these two scans into one. Let max(m, n) be the
maximum of m and n. We run through each j from 1 to max(m, n).

. If j divides m we add j to the list of divisors of m.

. If j divides nwe add j to the list of divisors ofn.
This reduces the number of possible divisors to be checked from

m + n to max(m, n).

Directly compute the tist of common divisors

If we combine the scans, we can directly compute the list of common
divisors, instead of flrst computing the .divisors of each number and
then combining the lists.

. For each number j from 1 to max(m, n), if j divides both m and
n, add j to the Iist of common divisors.

In fact, a common divisor cannot be larger than the smaller of the
two numbers, so we can check for common divisors up to the minimum
of m and n rather than the maximum.

. For each number j from 1 to min(m, n), if j divides both m and
n, add j to the list of common divisors.

Do away with lists

Do we need to maintain the list of all common divisors? Each time
we find a larger common diviso4 the ones that we have found earlier
are useless!
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Let us keep track of a quantity
called most-recent-common-divisor.
We know that 1 is always a
common divisox, so we can start
with most-recent-common-divisor
set to 1. We then scan all numbers
from 2 to min(m, n).

. For each k from 2 to
min(m, n), if k divides
both m and n, update
most-recent-common-divisor
to k.

At the end of this scan,
most-recent-common-divisor directly gives us the gcd.

1. How would our original algorithm change if we computed the
divisors of n by examining the numbers from 1 to n ln reverse
orde4 from n down to 1?

2. What about the last algorithm described above? What happens
when we look at common divisors starting from min(m, n) and
work backwards to 1?

11.3.2 Analysing these Ngorithms
We started with a very basic algorithm, Since this was derived directly
from the definition ofgcd, it is easy to iustify that the result it computes
is actually the gcd.

Each successive refinement that we have proposed improves the
efficienry but does not substantially change what is being computed.
Hence, we can argue that all of the algorithms we have seen so far
compute the correct value.

How efficient are these algorithms? Even in the final version, where
we eliminated lists, we had lo examine all numbers from 1 to min(m, n).
This is similar to what we saw when adding numbers by counting.
If the smaller number goes from 3 digits to 4 digits, we have to scan 10
times as manyvalues to find the common divisors.If wego from 3 digits to
5 digits, the work grows by a factor of 100.

Erample:Letn=6,n=12.
- min(6, 12) = 6

- InitiaUy set most-recent-commondlvhor to 1

- k = 2 divides both 6 and 12.
Update:'nost-recent-common-divisor to 2.

- k = 3 div.des both 6 and 12.
Update: rnost-recent-common-divlsor lo 3.

- k = 4 doesnot divide 6,
most-recent-common-divisor remains 3.

- k = 5 doesnot divide 6.

most-recent-common-!l i 1'isor remains 3.
- k = 6 divides botr 6 and 1./

Update: mosl-recent-comrnon-divisor to 6.

Scan complele. gcd(6, 12) . 6

Exrncrsr Srr 11.3



46 cantta Manjari I crude I I Part II

As we did for adding, can we find an algorithm for gcd where the
effort is proportional to the number of digits in the numbex, rather than
the value of the number?

1133 Eucltdl SuDtreclton Ngorlthm
An elegant solution to achieve this was written down by Eudid, in his
book Elements. Historians believe that other Greek mathematicians
knew ofthis algorithm before Euclid, but he was the flrst to put it down
inwriting,

Bcdudng a problen to a dmplcr onc

The original version of Euclid's algorithm makes use of the following
observation. Let us assume that m > n. Then, gcd(m, n) is the same as
gcd(n, m - n).

Why is this the case?

. Let d be a common divisor of m and n. Tten we can write m as ad
and n as Dd, where a and D are natural numbers. This means that
m - n = ad - bil = (a - b\d" so d is also a divisor of m - n.

. On the other han4 if d divides both n and m - n, then n = xd and
m - n = ld for some natural numbers x andy. Thls means that
n+(m-n) = 7n= 21f,+yfl= 1a +y)4 so dalso divides m.

This is shown visually below. If we can 'tile' m and n using blocks of
size 4 we can also tile m - n by blocks of the same size. In fact, Euclid
used a similar pictorial proof to Justi$ his algorithm.

I

t tq-l
I

Hg. I l.i.',lustulcatlon fot Euclid\ gcd algptithm

This observation teUs us that any common divisor of m and n is also
a common divisor of n and m - n, and the converse ls also true. Hence
the set of common divisors are the same in both cases, which means
that gcd(m; n) = gcd(n m - n).

Euclids algorithm reduces the problem of findlng gcd(m, n) to that
of flnding gcd(n, m - n). The second problem involves smaller numbers,
so it should be a simpler problem to solve.

d d .l d

d d tl a d d d

d



The World of Algorithms 47

How do we solve it? We apply the same strategy: reduce it to
gcd(x,.;,l) where x = min(n, m - n) andy is the difference between n and
m-n.

When do we stop? Suppose we compute the gcd of a number with
itself, say gcd(23, 23). The answer should clearly be 23. When we
reduce this we get gcd(23, 0). In other words, if we reach gcd(m, 0), the
answer is m,

Euclid's a.lgorithm for gcd(mn)

1. If m < n, reverse the numbers and compute gcd(n,m)

2. If n = 0, report the answer as m

3. 0therwise, reduce the problem to compute gcd(n,m-n)

Let us apply this algorithm to gcd(375, 825), the problem that we saw
before.

. Since 375 < 825, Step l asks us to reverse the numbers andcompute
gcd(825, 375).

. Since 825 - 375 = 450, Step 3 asks us to reduce the problem to
computing gcd(375, 450).

. Since 375 < 450, Step 1 asks us to reverse the numbers and compute
gcd(450, 375).

. Step 3 asks us to reduce the problem to computing gcd(375,75).

. Step 3 asks us to reduce the problem to computing gcd(75, 300).

. Since 75 < 300, Step 1 asks us to reverse the numbers and compute
gcd(300,75).

. Step 3 asks irs to reduce the problem to computing gcd(75,225).

. Since 75 < 225, Step 1 asks us to reverse the numbers and compute
gcdQ2S,75).

. Step 3 asks us to reduce the problem to computing gcd(75, 150).

. Since 75 < 150, Step 1 asks us to reverse the numbers and compute
gcd(150, 7s).

. Step 3 asks us to reduce the problem to computing gcd{75,75).

. Step 3 asks us to reduce the problem to computing gcd(75,0).

. Since n = 0, Step 2 tells us the answer is 75.

In the example above, we reducedthe problem 7 times before finding the
answer. Are we close to our original goal of finding an algorithm where
the effort is proportional to the number of digits? Unfortunately, no.
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Consider gcd(99, 2). This will reduce successively to gcd@1, 2),
gcd(95, 2), gcd(93, 2),..., gcd(S, 2), gcd(3, 2\, gcd(2,1), gcd(1, 1), and
gcd(l,0) eventually giving us the answer 1. In general, if we start with
an odd number 2k + l, 9cd(2k + 1, 2) will require about k reductions
before we get the answer 1. This means the number of steps is
proportional to the value we start with, rather than the number of
digits used to write down the value.

il.3.4 Aryabhatab Division Ngorithm
In Indian treatises lil<e Aryabhala's Aryabhatiya (499 CE), we see
the "long division" method for finding GCD using Indian place value
numerals. It makes an efficient use of repeated "division by remainder"
in place of repeated subtraction. Eor example, when one starts with 99
and subtracts 2 repeatedly, what remains, once one cannot subtract 2
anymore, is the remainder when 99 is divided by 2.

Hence, to improve the performance of Euclid's algorithm, we can
change the reduction step: instead of reducing gcd(m, n) to gcd(n, m - n),
we reduce it to gcd(n, m mod n), where m mod n stands for the remainder
when m is divided by n. For example, 17 mod 5 is 2 and 33 mod 7 is 5.

We saw earlier that a divisor d 'tiles' both m and n if and only if it
'tiles' both n and m - n. In a similar way, we can argue that d'tiles' m and
n if and only if it tiles m and m mod n. This justifles reducing gcd(m, n) to
gcd(n, m mod n).

Here is the modified algorithm. Notice that the only change is in the
third statement. The stopping condition is the same as before.

1. If m < n, reverse the numbers and conpute gcd(n,m)

2. I+ n = 0, report the answer as m

3. Otherwise, reduce the probtem to computing gcd(n, m mod n)

Consider the earlier example gcd(99,2) that took a long time to
converge. Here is what happens when we execute the improved
algorithm.

. Step 3 asks us to reduce the problem to computing gcd(2. 1).

. Step 3 asks us to reduce the problem to computing gcd(l, 0).

. Since n = 0, Step 2 tells us the answer is 1 .

In other words, we needed only two reduction steps to get to the
final answer. Check that this would happen for arry similar problem of
the form gcd(2k + 1, 2).
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The above modified algorithm can be carried out concisely using
the "Iong division" method given by Indians at least from the time of
Aryabhala. we illustrate the method through the following examples-

1. scd(99,2) 2EE(49 2. scd(825,375) 375)825(2

ll 98 ll 750
gcd(z, 1) gcd(375,75) /,

gcdgcd

Here is another example-

3. gcd(60, 16) 16)60(3ll +a
gcd(16, 12) 12)16(1ll tz
scd(72,4) 7 $r2(3,/ t2gcd !-

. In fact, it can be shown that the number of reductions needed in
Aryabhala's division algorithm is now proportional to the number of
digits in m and n. Unfortunately, the justification for this fact is too
involved to present here, but you will learn about it in future grades.

A Pinch of llistory
The influential Persian mathematician Al-Khwarizmi (78G-850 CE), a
scholar at the'House of Wisdom" in Baghdad, developed a great liking
for Indian mathematics. He learnt Sanskrit, and around 820 CE wrote a
detailed treatise expounding the Indian place value number system and
the Indian procedures for the four fundamental operations - addition,
subtraction, multiplication, and division. His original is lost, but its
12th-century Latin translation, Liber Algorismi de numero Indorum
("The Book of Al-Khwarizmi on Indian Numerals"), survives and played
a major role in spreading Indian arithmetic through medieval Europe.
Al-Khwdrizmit name became so closely tied to these methods that the
wordalgorismus - fromAlgoritmi,the Latin formofhisname - came to
mean any Indian method for numerical computation; it later contracted
to algorism and then algorithm. Etymologicaly, then, "algorithm"
originally denoted an Indian method of arithmetic, before it broadened
to mean any well-deflned, step-by-step systematic procedure for solving
a class of problems.

I 5)37s(
3t5
_0_

75))2(
,
0
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1. Compute the following using the improved version of Euclid's
algorithm.
(i) gcd(375,825)
(ii) gcd(S1000,81000)
(iii) gcd(1789287,2376s6)
(iv) gcd(2587392,157656)

2. Assume that m > n. Veri$ that d divides m and n if and only if d
divides both n and m mod n.

3. Write an algorithm prime(n) to check if n is prime.
(Hintr A prime number p has exactly two distinct factors, 1 and p.
Can you make use of divisors(n) to write out prime(n)?)

*4. Write an algorithm primedivisors(n) to compute the list of divisors
of n that are prime numbers.
(Ilint Compute divisors(n) and then filter out the primes in this list.)

*5. We can also find the gcd of two numbers by computing prime
factorisation of both the numbers. Try to write an algorithm to
compute the prime factorisation of a number.
(i) The prime factorisation of 180 is 22 r3' ,51. How would you

represent this?
(ii) How would you compare the prime factorisations of two

numbers?

Cueprrn Suuulnv
. An algorithm is a systematic procedure to solve a problem.
. Algorithms consist of basic steps that we know how to execute.
. We may execute the same step a number of times; for instance, for

each j in 7,2,...,n, check if j is a divisor of n.

. A step in an algorithm may be conditional; for instance, add j to
the list of divisors ofn only if j divides n.

. When we describe an algorithm to solve a problem, we need to
lustiff that it is correct.

. we can also analyse how many steps an algorithm takes, in terms
of the size of its input, and decide how efficient it is.

ENo-or-Cnep,rER ExERcrsEs
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Can we use any given quadrilateral to tile the plane? If not, which
quadrilaterals can be trsed and which cannot?

RecaII that tiling the plane means covering it with copies of the
given shape or shapes without gaps or overlaps. Tiling the plane with a
rectangle is easy, but it seems di-fficult with an irregular guadrilateral.
We will answer the above question at the end of the chapter (can you do
it now?) and understand the answer using what we learn in tlds chapter.
However, to start with, we will discuss a simple new example of a tiling.

Imagine that tiling with rectangles is done using a grid of two sets
of long wooden sticks, one set horizontal and the other set vertical.
See Fig. 12.1A.

A Fttl, B A Fircd I

Fig. 12.18

L2

Quadrilaterals, which we aiso call 4-gons, occur everywhere in daily
life. For example, we often see flooring made of square tiles. We say that
the floor has been 'tiled' using those squares.

Think and Reflect

Fig. 12.1A



These sticks are pinned together at each intersection point such
that they are free to rotate about those points. Now suppose you pick
up this grid. You hold the bottom stick fixed with one hand and push
the vertical side with the other. See Fig. 12.18. Each set of parallel lines
will stay parallel but the angle betlveen the two sets will no Ionger
be 90o. Thus we see that the plane can be tiled using copies of any fixed
parallelogram.

In this chapte4 we will ask and answer several questions about
quadrilaterals, paying particular attention to parallelograms. We will
investigate their properties, examine ways to recogaise them, and
see important applications in geometry. At the end, we will answer
the question above about whether one can tile the plane with a given
guadrilateral.

12.1 WHAT ExAcrLy Is A QUADRILATERAL?

Think and Reflect

InformaUy, a quadrilateral is a figure with four straight sides, as in the
frst figrre ABCD in 8i9,.72.2 below. But consider the other six figures in
FE. 12.2i the five plane figures NOPE,'SILY, DARI CLITS, OPENS and the
non-planar BENI. Should we call all these flgures quadrilaterals? If you
answer 'no' for any of them, how will you define a quadrilateral so that
such a figure is excluded? As you can see, some care is needed to precisely
define what we think of as a quadrilateral.

B R

A
D
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I

E

Fig. 12.2
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To prepare, Iet us first consider how we can define a triangle. Let A, B
and C be three points. Can we say that AABC consists of points on the
three line segments AB, BC, CA? Yes, provided A, B, C are not collinear.
Otherwise, we just get a Iine segment: see Fig. 12.3.

A B

Fig. 12.3: Not a tiangle

When A, B, C are non-collinea4 we call them the vertices of aABC
and the three segments AB, BC and CA the sides ofaABC.

Think and Reflect

Can we similarly define a quadrilateral ABCD?

Take any 4 distinct non-collinear points A, B, C and D. Will segments
AB, BC, CD and DA always form a quadrilateral as we visualise it?
See flgures NOPE, SILI DARI CUTS, OPENS and BENT in Fig.lz.z agai\.
Do you see, OPENS that there are some subtle new issues to consider?

First, to rule out examples like NOPE and SILI no three vertices
should be collinear. Otherwise, the tvvo adjacent sides formed by the
three collinear vertices will be along the same line, giving a triangle like
NOPE or a flgure with overlapping sides like in SILY.

Second, to rule out examples like BENT, all four vertices should be
in the same plane. Four-sided figures like BENT are called non-planar
quadrilaterals. We will study only planar quadrilaterals (except in a
few exercises).

Third, do we want to call CUTS a quadrilateral? The answer depends
on what we decide! Ordinarily, CUTS is not considered a quadrilateral.
If we want to include it, we call it a self-intersecting quadrilateral.

Can you come up with a definition that rules out self-intersecting
quadrilaterals Iike CUTS? Answer: we should require that all the points
of the quadrilateral, other than the vertices, must lie on exactly one side.

Can you see how to rule out flgures like OPENS?
Putting together all three requirements, we get the following

definition.
Deffnition 1. Suppose A, B, C, D are four distinct points in a plane.

Then the points on the 4 segments AB, BC, CD and DA are said to form
quadrilateral ABCD if every such point other than A, B, C, and D lies on
exactly one of these four segments.

c
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Now that we have precisely defned a quadrilateral, let us give
similarly precise deflnitions of familiar terrns associated with a
quadrilateral.

A, B, C, D are called the verticec of quadrilateral ABCD; segments AB,
BC, CD, DA are its sides or edgee; segments AC and BD are its diAgonals.
The two endpoints of a side are called adiacent vertices. Two sides
with a common endpoint are called adiacent riilec. A guadrilateral has
4 internal angles, each formed at a vertex by a pair of adjacent sides.
Internal angles at adjacent vertices are called a pair of adjacent angles.
How will you defne opposite sides? Opposite anglee? See Exercise
Set 12.1, Q1.

Note that quadrilateral ABCD can also be denoted as BCDA, CDAB,
DABC, DCBA" ADCB, BADC or CBAD but not by any other sequence of
vertices. (DrEiw ABCD and trace the vertices in various orders to see why.)

When we refer to a guadrilateral, we always mean a planar
non-self-intersecting quadrilateral, unless stated otherwise.

Convex Quadrilaterals
Shonld DART in Eig. 12.2 be considered a quadrilateral? It seems
different from our usual mental picture of a quadrilateral because it
has a dent, as if someone has taken a bite out of triangle ART! we call
DART a non-convex quadrilateral.

RA
B

D

cD
All angles < 180' ZD > 180'

Internal angles of convex and non-convex +gons

Fig. 12.4

B

A convex quadrilateral is
one without a dent. How can
we deflne this precisely? We
can see in DART that at the
dent at vertex D, the internal
angle is more than 180'. So
we call a quadrilateral convex
when all of its internal angles
are less than 180'.

There are other ways
of testing convexity. For
example, visually verify
that the diagonals 'of a

R convex quadrilateral
intersect while those of a
non-convex quadrilateral
don't intersect.

A

c

Fig. 12.s

D Convex T Non-convex

T
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Figu.res having 4 vertices and 4 sides

self
InrerEectint
Planar 4{oD

Utoal
Quadrfi,ateralr

Venn Diagram Repre sentation

4-gons that do not flt your mental image of a quadrilateral may
look strange. Do we really need to care about, e.g., self-intersecting
4-gons? Yes, because they do occur in real life, such as in 4-bar linkages.
Linkages are widely used mechanical devices with several interlinked
bars. Some ends of these bars are fixed, while other interlinked ends
are free to rotate around the fixed ones. Search the internet for a
video showing how Iinkages move. Linkages can attain a range of
conflgurations, including non-convex and self-intersecting flgures, as
shown below. So engineers have to take such flgures into account.

Let ABCD be a guadrilateral.
(i) List all sides of ABCD adjacent to side AB. List aU sides

opposite to AB.

1

Planar
N on-self-intersectinS

Non-Convei +gon
skew

or
Non planar

4-gon

Convex 4.gon

Exrscrsr Srr 12.1

I
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(ii) List all angles ofABCD adjacent to zA. List all angles opposite
to ZA-

(iii) Deflne a pair of opposite sides and a pair of opposite angles
without using the names of the vertices.

*2. You have used internal angles of quadrilaterals, but they too
require an exact definition, just like how we gave one for a
guadrilateral. Precisely define the internal angle ofa quadrilateral
at a given vertex. Your answer should work for a non-convex
quadrilateral too. (Hint use the opposite vertex as well.)

3. In a quadrilateral ABCD, suppose AB ll DC. Can ABCD be
non-convex? What if we instead assume AB = CD? What if we
instead assume lA= zC?

4. Consider three non-collinear points A, B, C and draw the
. lines AB, BC, CA. For every possible location of point D in the
plane outside these lines, decide if ABCD is self-intersecting,
non-convex, or convex. (Hint the three lines divide the plane
into 7 regions.)

5. Can a quadrilateral be both self-intersecting and non-planar?

12.2 PARALLELoGRAMS

As we studied in Grade 8, parallelograms are quadrilatera.Is whose
opposite sides are parallel. They include rhombuses, rectangles
and squares and form a very important and widely used class of
quadrilaterals.

To test if a given quadrilateral is a parallelogram, do we have to
check that the opposite sides are parallel? Are there other ways to test
this? To answer this, recall the following properties of a parallelogram
that we proved last year.

Theorem 1:
(a) The opposite sides of a parallelogram are equaL

A) The opposite angles of a parallelogram are equal
(c) The iliagonals of a parallelogram bisect each other.

It is usually interesting to examine if converses of known theorems
are true. If the converse of any of the three properties is true, it can be
used as an alternate way to show that a quadrilateral is a parallelogram.
To explore this, Iet us write the converses. For this, we flrst urrite (a), (b)
and (c) in 'If ... then ..." form.



Quadrilaterals 57

(a) Ifa quadrilateral is a parallelogram, then its opposite sides
are egual.

Converse: If the opposite sides of a quadrilateral are equal,
then it is a parallelogram.
Is this converse statement true?

(b) Ifa quadrilateral is a parallelogram, then the opposite angles
are equal.

Converse: If the opposite angles ofa quadrilateral are equal,
then it is a parallelogram.
Is this converse statement true?

(c) If a quadri-lateral is a parallelogram, then its diagonals bisect
each other.

Converse: If the diagonals of a quadrilateral bisect each
otheq then it is a parallelogram.
Is this converse statement true?

Can you experiment and guess what the answers are?

It turns out that all three converse statements are true. To
demonstrate this, it is useful to recall how we had proved Theorem 1:

Proof of Theorem 1:

A
ts

B A

D

(a) (b) (c)

rig. 12.6

Proof of (a): In the parallelogram ABCD, AC is a transversal for
AB ll DC and also for AD ll BC. So we get AACD : aCAB by the ASA test.
Therefore, AB = DC and AD = BC.

Proofof(b): BC ll AD with AB a transversal. Therefore lA + ZB = 780' as
they are interior angles on the same side of this transversal. By similar
reasoning, any two adjacent angles add up to 180'. By using algebra,
zA= ZC and, tB = ZD.

C

B

ccDt)

180"-x

180"-x

x
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Proof of (c): Call the intersection point of the two diagonals E. Using
properry (a), AAED = ACEB, by ASA or AAS. So EA = EC and EB = ED,
which means that E is the midpoint of both diagonals.

We will now deduce the converse statements. To prove the converse
of a known theorem, we can try to run the original proof baclrwards.
This strategy nlay 9r may not work. (For example, the reasoning
"lf. x = y, then I = y"' cannot be reversed, because x and y may have
opposite signs, e.g., we could have x = 3 and) = -3.) When the strategy
does work, we should be carefuI to give proper justification for each
step in the backward direction.

Iheorem 2 (converse of (all; If the opposite sdes of a quadrtlateral
are of equal lengtl\ then it is a parallelogram.

B

D

Fig. 72.7: Converce to (a)

Proof: Let ABCD be this quadrilateral. aACD = acAB by SSS, so
corresponding angles are equal. Using transversal AC, we get AB ll DC
and AD fl BC.

Pay close attention to how the above proof retraces the proof of
(a) backnrards. Both proofs go via the same congruence AACD = ACAB,
but the tlvo proofs use difierent tests to iustiry the congruence (ASA vs
SSS) and draw difrerent condusions. Try to use the same backward
retacing' strategy for the remaining converses.

Tlreorem 3 (converee of (blt:If the opposite angles of aquadrilateral
are equal. then it is o parallelogram

Il:rooft Let ABCD be this guadrilateral. Because ZA = lC and, lB = ZD,
we have

360" = ZA + /B + ZC + tD = 2(ZA+ lB) = Z(tB + zC\.
AB

DC
Fig. 72.8: Converse to O)

2(x+y)=360"

C
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Think and Reflect
The angles of a quadrilateral add up to 360'. Therefore, if the opposite
angles are equal, what can we say about adiacent angles? Is the converse of
your answer true? Conclude that Theorem 3 can also be stated as follows.
"If each pair of adjacent angles in a quadrilateral ABCD...then ABCD is a
parallelogram." FiIl in the blank.

Theorem 4 (converse of (c)): A quadrilateral whose diagonals bisect
each other is a parallelogram

Eoof: Let ABCD be this quadrilateral Let E be the intersection
point of the diagonals AC and BD. As EA = EC and EB = ED, we have
AAED = ACEB by SAS. Now using ZDAE = ZECB along with transversal
AC, we get AD ll BC. Similarly, aEAB 

= 
AECD gives AB ll DC.

A

DC
Fig. 72.9: Converse to (c)

Finally, there is one more usei.rl test to check if a given quadrilateral
ABCD is a parallelogram.

Theorem 5 (equal parallel sides testti A quadrilateralwith one pair
of equal and parallel opposite sides is a parallelogranl

hooft Suppose in a quadrilateral
ABCD we have AB ll DC and AB = DC.
Let E be the intersection point of
the diagonals AC and BD. (Why must
the diagonals intersect? See Exercise
Set 12.1, Q3.) We have AEAB = AECD
by ASA. So the diagonals bisect each
other. By the converse of (c), ABCD is a
parallelogram.

BA

cD

Fig. 12.10

Therefore lA + ZB = lB + ZC = 180'. As in the proof of (b), we
use the fact that AB is a transversal for the pair BC and AD. By
ZA + zB = 180' we deduce BC ll AD. Similarly, we get AB ll DC by using
ZB+ lC=180'.
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1. True or false?
(i) A parallelogram with a right angle is a rectangle,
(ii) A rhombus with perpendicular diagonals is a sguare.
(iii) If the diagonals of a parallelogram are equal, then it is a

rectangle,

2. The diagonal AC ofa parallelogram ABCD bisects ZA, Show that
it also bisects /C and that ABCD is a rhombus.

3. The following questions examine converses of true properties.
Answer them with Yes or No, If your answer is No, what extra
condition can you add so that the answer becomes Yes?
(i) If the diagonals of a quadrilateral ABCD bisect its angles,

must ABCD be a rhombus?
(ii) If the diagonals of a guadrilateral ABCD bisect each other at

right angles, must ABCD be a rhombus?
(iii) If the diagonals of a quadrilateral ABCD are of equal length,

must ABCD be a rectangle? (In the ancient Indian study
of quadrilaterals, eguality of diagonals was considered
significant. Quadrilaterals were first classified according
to whether their diagonals were egual or not, before
considering equality of sides.)

4. Let ABCD be a parallelogram
with AB + BC. Show that the
pairwise intersection points of
the four angle bisectors form
the vertices of a rectangle
(see rig. 12.11). Why did we
assume AB + BC? Fig. 12.11

12.3 AppLrcATroNs oF Pmar,r,er,ocnanas

We saw that parallelograms have several nice geometric properties.
These properties make the parallelogram a versatile shape with
many real-world applications. In physics, a fundamental law uses
parallelograms to combine certain physical quantities like forces, as you
will learn in a later year. Parallelograms are used in several mechanical
linkages, such as the parallel motion Iinkage discovered by James Watt,

c

A B

Exrncrsr Snr 12.2
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which formed an important part of his steam engine. His design used
the concept behind another parallelogram-based device called a
pantograph, which can make exact scaled copies ofa drawing: search the
internet for a video showing how a pantograph works. It is ingenious!

Schematic drawing of a pantograph

Parallelograms also serve as a powerful tool within geometry. Let
us illustrate this by using parallelograms in a clever way to prove
an important fact about triangles. We will discover this fact through
exploration.

12.3.1 An Important Property of Triangles

Fig. 12.12

intact copy of the original triangle.
what do you notice?

It appears that all four smaller triangles are congruent to each
other! And each seems to be a smaller copy of the original triangle.
Verify that this pattern holds for triangles of other shapes.

On a piece of pape4, draw and
then cut out tvvo copies of the
same triangle. Keep one copy
aside. On the othe4 mark the
midpoint of each side. (You can
do this by folding the paper to
join tlvo vertices at a time.) Draw
the triangle made by the three
midpoints and cut the paper along
each of these lines. Now you have
four smaller triangles. Compare
them to each other and to the

??
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Think and Reflect

Try to prove directly that the four smaller triangles are congruent. You
wiII see that no congruence test applies, because many quantities are
unknown.

Here is one idea. The dfficulty might be because we are considering
too many new things at once: three new points and three new segments.
can we try to break this down into steps?

Let us see what happens with
just one of the three new segments.
Can you make a guess about this
new segment, specifically about its
direction and length compared with
the unused third side? The triangles
you cut earlier will help. It appears
that the segment is parallel to the
third side and has half the Iength! Let
us try to justiry this using reasoning.

Geometric reasoning: To set up, suppose that in AABC, P and Q are
the midpoints of side AB and AC respectively. Now comes the key idea.
Construct the line I through C parallel to BA. Suppose it intersects line
PQ at point R.

(see the comment about this line immediately after the statement of
Theorem 6.)

A

a

InAAPQ andACRQ,wehaveAQ = CQ,

ZAQP = ZCQR (vertically opposite
angles), and

.APQ = ZCRQ (since AP ll RC by
construction).

So AAPQ 
= 

ACRQ by AAS.

R

B c

Fi$.12.14

firerefore PQ = QR (by congruencel = f and CR = AP. Combining

CR = AP with AP = BB we Bet CR = BP. Hence by lheorem 5

Fig. 12.13

P
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BCRP is a parallelogram. This gives

PQ ll BC and also PQ =
fact.

theorem 6 (Midpoint fireorem}. The segment joining the midpoints
of two sides of a triangle is parallel to the third side and has half the
lengtL

In the reasoning for this theorem, the idea to take a completely
new line I appeared out of nowhere, and worked like magic. What
is your reaction to this? Do you feel a sense of wonder? Do you
perhaps feel discouraged because it seems impossible to think of
such an idea on your own? This type of auxiliary construction is
a classic geometric trick that one learns with experience, so no
need to be disheartened! See Exercise 15 at the end of the chapter
for another proof that uses a different, slightly less magical
constructioIL

Can you now prove the original claim about cutting AABC into four
congruent parts by using midpoints of all three sides? You are asked to
do this in Exercise Set 12.3 Q1 below.

Think and Reflect

Read the statement of the Midpoint Theorem again. The following
questions seem natural to ask. What can we say about (1) a segment
PQ (wnh P on side AB and Q on side AC) that is parallel to the third
side and has half the length, and (2) the line that passes through
the midpoint of one side and is parallel to another side? We will
address question (1) in Exercise 22 at the end of the chapter. For
now, experiment and see ifyou can make a guess about question (2).
It appears that this line must bisect the remaining side! I.et us try to
justify this.

Geometric reasoning: To set up, take AABC and suppose the line
&rough midpoint P of AB, drawn parallel to BC, meets AC at point Q.
Again draw the line parallel to BA through C, intersecting line PQ at
point R. Tracing the proof of the Midpoint Theorem backwards works
easily as follows.

es test),

f = f . We fra"e deduced the following important
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A

R

BCRP is a parallelogram, so CR = BP.

BP = PA and tAQP = ZCQR (vertica[y
opposite angles).

Combiningwith CR ll BA, AAPQ : 
^ 

CRQ.
(why?)

This gives two equalities.

First, AQ = QC, so Q is the midpoint
OfAC.

Second, PQ = QR, so Pa = T = T.

a
P

C

Fig. 12.1s

We have deduced the following important fact. It can be considered
a converse of the Midpoint Theorem, for .reasons we will see in
Exercise 22 at the end of the chapter.

llreorem 7 (Converse of the Midpoint Theorem): The line drawn
through the midpoint of one side of a triangle and parallel to another side
bisects the third siile (anil the resulting segment has half the length of the
parallel stde).

Let us see a different reasoning to justify Theorem 7. Read this short
proof carefully.

A
Another proof ofTheorern 7. Recall

our previous setup: the line parallel to
BC through midpoint P of AB meets AC
at point Q. Ignore this line for now and
instead consider the midpoint M of AC.
Wewant to sho*y = q. We have pM 

ll BC
by the Midpoint Theorem. Therefore
line PM = line PQ, because there is a
unique line parallel to BC through P.

As lines PM and PQ coincide, they must
intersect AC in the same point. Thus M =
Q. This is what we wanted!

M

Fi*.12.16

We used the Midpoint Theorem to prove its converse! This may
look like cheating because, as emphasised earlier, the truth of a
statement and of its converse are separate issues. But there is no
mistake here. There is a key new point in this proof, namely that
there is a unique line through a given point and parallel to a given
line. This proof illustrates that sometimes we can use a theorem to
prove its converse.

B

P

cB
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In Grade 10, we will generalise Theorem 7 by dropping the condition
that P is the midpoint of AB and assuming only that PQ ll BC. Can you
guess the conclusion in this case? (Ilint the name of the more general
theorem includes the word proportionality.)

12.3.2 A Surprising Property of Medians

The Midpoint Theorem allows us to deduce an important fact about
triangles. Let us discover it experimentally. In AABC, suppose B Q
and R are the midpoints of side AB, AC and BC respectively. Instead
of joining the midpoints with each other as we did earlier, draw
segments AR, BQ and CP. These are called the medians of AABC. What
do you see? Repeat this for several triangles and see that the three
medians always seem to be concurrent, meaning they pass through
a common point!

P

There is more! Assume for the
moment that the medians are always
concurrent. Let M be the common point
where they meet. Compare the lengths
of the two parts CM and MP of the
median CB and do the same for the other
two medians. Do you see a pattern? It
appears that the ratio cM:MP = 2:1. we
will now show why this is always true.

Geometric reasoning: It seems difficult to keep track of the three
medians at once, so let us flrst examine only two medians CP and
BQ. Call their intersection point M. We want to show that CM = 2MP
and BM = 2MQ.

A We have not yet seen
any theorem that gives a
2:1 division of a segment.
The Midpoint Theorem only
gives a 1:1ratio. So to show
that CM = 2MB one idea is
to bisect CM and try to show
that the resulting three parts
of CP are equal.

P

Fig. 12.18

Let Y and X be the midpoints of CM and BM respectively. Now
we can use the Midpoint Theorem in AABC and in AMBC! We get

A

B

B

R

Fig. 12.17

c
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that PQ and XY are parallel to BC and hence to each other. Moreover

Pa = )ff = ry . So 
^MPQ 

: AMYX by ASA (How?). Therefore MQ = MX = XB

and MP = MY = YC. This shows CM:MP = 2: 1 = BM:MQ.
What about the third median AR? We can repeat the argument in

the previous paragraph with medians AR and BQ! Let N be the point at
which the AR and BQ intersect. 

^

a

B R

Fig. 12.19

Now the same reasoning gives BN : NQ = 2 : 1 = AIJ : NR (Use Fig. 12.19
if you wish to repeat the reasoning.) We already had BM : MQ = 2 ; 1,
so BM : MQ = 2 : 1 = BN : NQ. But this means M and N have to be the same
point, because there is only one point that divides BQ in a given ratio.
Thus M lies on all three medians and divides each median in the ratio
2:1. We have deduced the following important fact.

Thedrem 8: (Centroid Theorem) The three medians ofAABC pass
through a common point, which divides each of the meili(ins in the ratio
2 : 1 , wtth the longer part connecting to the vertex. This point is called the
centroiil of AABC.

Think and Reflect

Give another proof of the Centroid
Theorem using a clever construction
that we will describe only partly and ask
you to complete. once again let M be the
intersection point of the two medians
cP and BQ, We want to show thst the
intersection point of line AM wlth slde BC
is the midpoint of Bc, For thls, extend AM
up to a carefully chosen point S ruch that
BSCM becomes a parallelogram. (Illnt: To
arrange MC t 8S, frrst note that PM and MC
are along the same line. Now where should
M be or rcgment AS? Does your placement
of$ also prove MB I CS?)

A

c--+-
s

Fig. 12.20

B

P

c

P
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P
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Fig. 12.21

B

a

Geometric reasoning. Suppose
the midpoints of sides AB, BC, CD and
DA of a quadrilateral ABCD are B Q,
R and S respectively. The Midpoint
Theorem applied to AAtsC and to
aADC gives, respectively, PQ llAC
and SR llAc. So PQ ll sR Using the
Midpoint Theorem in aBCD and in
aBAD gives QR ll PS. Therefore PQRS
is a parallelogram.

R

Fig. 12.22

c

We have deduced the following interesting fact, also known as
Varignon's theorem,

Theorem 9 (Midpoint Theorem for Quadrilateralo) t The midpoints
of the four siiles of a quadrilateral are the verttces of a parallelogram
This is called the Vor$on parallelogram of the original quadrilateral.

(i) If R Q, R are the midpoints of sides AB, AC, BC respectively of
aABC, show that APQR is congruent to AQPA and to tlvo other
triangles which you should identi$r,

(ii) Suppose someone erases AABC, leaving only APQR on the
paper. Can you reconstruct AABC from aPQR?

A

1

cB

P
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We started this section by examining the triangle formed by
midpoints of the sides of a triangle. What happens if we use midpoints
of the sides of a guadrilateral to make another guadrilateral?
Experiment and see what this neW guadrilateral looks like, It appears
to be a parallelograml Let us try to justi$ this using reasoning,

D

Exrncrsr Srr 12.3
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In AABC, Iet M and N be midpoints of AB and AC respectively.
Let D be any point on BC. Show that MN bisects AD.

A

M

BDC
F19.12.23

In a quadrilateral ABCD, suppose AB ll DC and AB + CD. Suppose
G and H are the midpoints ofAC and BD respectively. Prove that
GH llAB. (!Vhy did we assume AB * CD?)

)

3

B

c

Ftg. 12.24

4. Suppose the midpoints ofsides AB, BC, CD and DA ofa quadrilateral
ABCD are B Q, R and S respectively.
(i) Show that PR and QS bisect each other.
(ii) Show that if AC = BD, then PR and QS are perpendicular.

Is the converse true?

5. Suppose PQRS is the Varignon parallelogram ofABCD.

A'APB

a s

d-
D

(i) Copy only PQRS on another paper. Show how you will
recreate a congruent copy AB'CD' ofABCD from PQRS. TNs
will be relevant when we return to study tilings at the end of
t},is chapter. (Hint How wiu you place vertex A? How will
you place B', C'and D?)

s

RD

P

R

B'

.t
c'c

Fig.12.2s
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(ii) There are multiple ways to construct AjB'C'D' in (i). Justi$r
why the quadrilateral A B'C'D' you constructed is congruent
to ABCD. You may need to show why S is collinear with
the points A and D' that you constructed, and similarly for
B Q and R. (Eint: Use congruence of triangles, for example
aSDR= ASD'R. )

(iii) Show that if PQRS is a square, then AC and BD are
perpendicular and equal. Prove the converse.

12.4 TIuTtc THE PLANE UsING Ary 4colt
Ttrere are many ways to tile the plane, using a single shape or multiple
shapes, leading to beautiful pictures. These occur in mosaics in several
ancient civilizations to more recent artworlc such as that of M.C. Eschel
in nature (for example, a honeycomb) and in decorative patterns we
encounter in daily life.

We will see how the plane can be
tiled with any given rt-gon, not just
a parallelogram as we saw at the
beginning of the chapter.

Before you see the answer in
Fig. 12.28, see the hints below and try
to flnd a tiling using the given inegular
4-gon SOME. First, trace SOME on
paper with its four angles labelled
t,2,3, 4. Remember that they add up
to 350'. Cut out 15 identical copies.

F19.12.26
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Suppose we have a tiling ofthe plane, Consider any vertex. As we go around
this vertex and consider t}le angles made by consecutive lines, the total of
these angles must be 360". This suggests an idea. What if we take 4 copies of
SOME and Iit them together around a common point so that each angie is
used once as we go around?

There are multiple ways of doing this, as shown in Fig . t2.27 . Can you
use any of these ways to continue fltting further copies of SOME to tile
the plane? Try it with the 15 copies you made!

Fig. 12.27

Here is how one can tile! Recreate it with your pieces.

Fig. 12.28

How can we understand the figure? There seems to be a repeating
paftern. (1) Can you precisely describe a procedure to draw the paftern

Throughout this section, we will focus on experimental verification
of our methods. However, you are encouraged to try to prove, on your
own, that they work.
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so that someone can draw the tiling on their own, based only on your
description? (2) Can you justify why your procedure works?

We will sketch two methods and ask you to complete the details.
Method 1: we start with two copies of SOME, one exactly above

the other. Rotate the top copy by 180" around the midpoint of OM. The
rotated copy aligrs with the original copy perfectly along the shared
edge oM.

O=M'
E,

E E

Fig. 12.29

Now repeat this procedure at each edge of every copy of SOME
that you add. Verify that this will result in a tilingl Two steps of
a possible continuation are shown in Fig. 12.30. The flrst step
(Fig. 12.30 A) adds 4 copies around the starting copy and the second
step (Fig. 12.30 B) adds 4 more copies. Note tlvo interesting things about
the second step: (1) each new copy can be obtained by rotating any one
ofits neighbours, and both ways give the same result. (2) The new copies
flt perfectly. Can you explain these facts by reasoning? This is needed to
prove that the method worksl

Do you see which of the three possibilities shown in Fig. 12,27 occurs
in the tiling?

aaa a.a

o

a
a
a

a
a
o

Fig. 12.30 A Ftg. 12.30 B

S
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Method 2. Before we explain Method 2, Iet us conduct a thought
experiinent. Remember the Varignon parallelogram for 4gons
(Theorem 9). Imagine that we have drawn this parallelogram in each
copy of SoME in the tiling shown earlier in Fig. 12.28. Visualise what
the picture looks like. EiE. 1237 shows the result: It appears that the
Varignon parallelograms form a grid, giving the same parallelogram
tiling we saw in the introduction!

This suggests an idea. What if we start by drawing just the simple
grid tiling made by the Varignon parallelogram of SOME? Can we use
this grid to construct the new tiling by SoME?

Fu. 12.31

A grid of Varignon parallelograms of SOME is given in Fig. 12.32. To
begin with, focus only on the 9 green coloured copies of SOME in Fig. 12.31.
We will flrst place only these 9 copies in Fig. 12.32. The corresponding
parallelograms are shaded in Fig. 12.32. Place 9 copies of SOME
so as to match the way the green coloured copies of SOME are placed in
Fig. 12.31 (You were asked to give a precise description of how to do this
ln Fxercise Set 12.3, Q5.) If done carefirlly, you will obserue that each
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4gon you placed meets other placed copies exactly at vertices. Now see
how 4 copies of SOME are made automaticaUy in the gaps! Carefully
place four more copies of SOME in these gaps. Continuing this process
with more copies of SOME will give us the dested tiling.

Fig. 12.32

It should be emphasised that our procedure needs to be justifled to
assure us that it will always work. We will not do this here, but invite
you to try it on your own!

Mathematicians have found many interesting ways to tile the plane using
a small set of shapes. Some of these, called aperiodic tilings, turned out
to be useful to describe atomic arangements of quasicrystals-new
physical structures that were discovered some time later. The discovery
of quasicrystals, made by Dan Shechtman, was very surprising hecause
the atomic arrangement was outside what was then considered physically
possible. It led to a broader scientiJic understanding ol the nature of
order in solids. Dan Shechtman won the chemistry Nobel prize in 2011 for
his discovery.
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The foliowing shape-the flrst of its kindl-that
leads to aperiodic tilings was discovered only
recently in 2023 by a team of four mat]rematicians
(Smith, Myers, Kaplan and Goodman-Strauss).

Cut out 15 identicai copies of the foliowing
shape (knolvn as the tat') and start to tile with it.
Do you see any pattern? You will find that the hat
shape will tile the plane endlessly, but without
ever quite repeating the same pattern. That is
why it is called an 'aperiodic' tiling.

7 Justify why the plane cannot be tiled with a regular pentagon.
(Ilint: Read the flISt 3 sentences of 'Think and Reflect' in the
section on tiling.) (There are many ways to tile the plane using a
suitable irregular pentagon. The most recent method was found
in 2015.)

L

D

B

1

AE

A=60'
B = 135'
C = 105'

1

L
2

a

b

- J2(J3 - 1)

d
1

,
1
2

A Cutting-edge Discovery

a

L
lD

- 7

D=90'
E = 150'

L
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Draw a non-convex ll-gon DART. Show how we can tile the plane
with copies.of DART. Both methods that we discussed earlier will
work. Which do you prefer?

1. Using a fact about parallelograms, show how to tile the plane
using any given triangle. (Hint: Can you use the parallelogram
tiling in the introduction?)

2. Mark the midpoint of the line drawn on the paper (see Fig. 12.33),
given that the horizontal lines are equally spaced. Justiry your
answeE

Fig. 12.33

3. You know that the sum of angles of a quadrilateral is 360", even
for a non-convex quadrilateral. (RecaII the proof.) Now consider a
self-intersecting quadrilateral ABCD, where AB and CD intersect
at point E. Show that ZA+ ZB + lC + ZD < 360'. Can you construct
ABCD such that zA + zB + lc + zD = 2"?

4. In a parallelogram ABCD, two points P and Q are taken on
diagonal BD such that DP = BQ (see Fig. 12.34). Show that APCQ is
a parallelogram.

cD

A

Fig. 12.34

B

ENp-or-CnePTER ExERCIsEs
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A right-triangle shaped cutout of a paper is folded such that point
A touches point B (Fig. 12.35). Show that the crease line can be
used to flnd the midpoint of not only AB but also that of AC.

Step 1 Step 2

c

Ftg. 12.35

6. You saw how to use the Midpoint Theorem to divide a given
triangle into 4 congruent triangles. Can we divide a triangle into
3 congluent triangles? This exercise shows us how to do that and
more, provided we are allowed to cut and reassemble.
(i) Draw medians AP, BQ and CR of aABC, meeting in a common

point M. Cut along each median to get 6 triangles. Show with
justiflcation how to assemble the 6 pieces into 3 congruent
triangles! (Hint A]ign AMPB and AMPC along egual sides PB
and PC, matching P with itself and B with C.) Prove that you
get a triangle. What are its side lengths?*(ii) Repeat the procedure with each ofthe 3 assembled triangles
you got in (i). Show that each of the resulting 9 triangles has

sides $, f a"d + .

The procedure and the result above were unnoticed till
2014, when theywere discovered by Lee Sallows, an amateur
mathematician!

(iii) Naturaly, we can next ask about the possibility of cutting a
triangle and reassembling it into 2 congruent triangles.
You were asked this question in the chapter Measuring
Space: Perimeter and Area. Can you solve this now?
(Hint: Use median AP in AABC and then a median of aAPB.)

For any tvvo given flgures with straight sides, we can ask
whether one flgure can be cut (using only straight cuts) into
pieces and reassemlled to make the other This notion is

5

A

(

A

B C
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caUed scissors congruence. The figures need not be in the
plane. Research on such questions at a higher level is ongoing.

A more general midpoint theorem and its converse. In a
quadrilateral ABCD, suppose AB ll DC. Recall that such ABCD is
called a trapezium. Let E be the midr:oint of AD. A line drawn
through E intersects side BC at F.

B

E F

8

DC
Fig. 12.36

(i) If EF ll AB, then show that F is the midpoint of BC. Conclude

that EF =
(ii) If F is the midpoint of BC, then show that EF ll AB.

There are at least two ways to solve (ii). Do it directiy by
using the midpoint M of BD and showing that EM and FM are
the same lines. Or use (i) along with the same idea used in
the second proof of the converse of the Midpoint Theorem.
Which way do you think is simpler?

The diagonals AC and BD of a parallelogram ABCD intersect at O.
A line through O meets AB and CD at points P and Q respectively.
Show that O is the midpoint of PQ. (Multiple proofs are possible.
Which is the simplest?)

P B

l) a

Fig. 12.s7

'*9. ABCD is a trapezium with parallel sidcs AD = 3 cm and BC = 5 cm.
E and F are the midpoints ofthe non-parallel sides. Find the ratio
of the areas of the 4-gons AEFD and EBCF.

C
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A 3 D

5

Fig. 12.38

10. Consider 4 points A, B, C, D in the plane with no three collinear.
Answer the following guestions. Some answers may require you
to consider dlfierent cases, depending on how the points are
positioned in the plane,
(i) How many dlfrerent quadrllaterals do they form if the

quadrilateral is allowed to be self-intersectlng or non-convex?
(ii) How many of these quadrllaterah are self-intersecting?

How many are convex?

11. Suppose P is a point on slde AB of aABC and the line through
P parallel to BC meets AC ln point Q. For parts (i) to (iii), assume
Ap = 1, AQ = Jl, and see Fig. 12.39.

AA

cB

J5
7 ./5

P 7

2 P
1

a

B cBc
Fig. 12.39

(i) If PB = 2 find Qc. C0ntr see the dofted line)
t(ii) If PB = $ nna qC. (Hlnt: See the dotted lines)
*(iii) rf pB = t nna qc.

(Hht: Divide both PB and AP suitably.)
*(iv) Show that if ffi is a rational numbe!, then # = ffi . rn crra. ro,

you will prove this equality without assuming ffi is rational.
That will require a new idea.

E
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72. (i) Suppose ABCD is a parallelogram and M, N are midpoints
of AB and CD respectively. Show that segments DM and BN
trisect segment AC.

(ii) Use part (i) to f,nd a procedure to trisect any given segment
PQ. Find two other ways to trisect PQ, one using Exercise 11
above and a third using the Centroid Theorem.

B c

M

D

Fig. 12.40

13. Is the Midpoint Theorem for Quadrilaterals (Theorem g) true
when the quadrilateral is non-convex? How about when it is
self-intersecting? Experiment and check. The pictures may look
strange, but the theorem appears to be true.
(i) Can you explain why this is so? See the geometric reasoning

in the text.
(ii) There is one exception: In a very special case the Varignon

parallelogram becomes a single segment. When will this
happen?*(iii) Does your reasoning apply even when ABCD is non-planar?

14. Let P, Q, R, S be four points on sides AB, BC, CD and DA respectively
of a quadrilateral ABCD. Suppose PQRS is a parallelogram. Must
B Q, R and S be midpoints of the respective sides? This can be
considered a possible converse question to Theorem 9.

15. (i) Complete the following proof of the Midpoint Theorem.
Extend segment PQ beyond Q until point S. By how much
should we extend PQ?

P a

A

__________rS

c

Fig. 12.41

B



80 canita Manjari I crade I I Part II

It would be good to be able to prove that AAPQ 
= 

ICSQ. (Why?)
Use this as a guide to speci$/ the location of S and then complete
this proof.
(ii) Give a similar proof of the converse of the Midpoint

Theorem (Theorem 7). Start by extending PQ up to a
suitable point S.

*16. Review all the properties ofa rhombus/rectangle/square that you
proved in Grade 8. Formulate a converse of each. Decide if the
converse is true. There are many possibilities here!

*77. Show that the sum of angles of a non-planar quadrilateral is
always less than 360'. Can you flnd a non-planar quadrilateral
ABCD for which ZA + ZB + 1C + lD = 2o?
(Hint: Think of a diagonal, say AC, as a hinge around which
triangles ABC and ADC can rotate.) What happens to each angle
of ABCD as you do this rotation?

*18. Let us see a third method to tile the plane using a 4-gon.

Focus on only two coloured copies of. SOME sharing a vertex.
What do you see? It appears that each 4-gon is just a shifted copy
of the other. Let us see exactly how Draw two copies of SOME as
shown in Fig. 12.42 so that the diagonals EO and E'O'are collinear
with O = E'. Now place a cutout of one copy on top of SOME with
diagonal EO drawn on it. Slide this cutout so that segment EO
moves along EO' until EO matches E'o'. Verify that your cutout
exactly matches s'o'M'E'.

o'
S

E'
M'o

s

E M

Fig. 12.42

(i) Prove the exact match of SOME with S'O'M'E' using four
parallelograms.

(ii) Follow the described procedure along each diagonal of
the starting coloured 4gon in both directions to get 4 new
4-gons. Using these 4 copies, repeat the procedure 4 more
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times to place 4 new copies, resulting in a 3 by 3 grid of 9
copies exactly like the 9 coloured copies in Fig. 12.42. These
9 copies meet each othei only at vertices and once again the
blank spaces among them also form 4-gons congruent to
SOME!

+19. Is there a 4-gon with given side lengths?
(i) Recall the following fact about triangles and check it by

construction. For given positive numbers a, b, q is there a
triangle whose sides have these lengths? The answer is Yes
exactly when the sum of any two numbers is greater than
the third. If we arrange the numbers in increasing order
(suppose a < b < c), then this amounts to requiring a + b > c.
(Hint: Start by drawing a segment of length c.)

(ii) Suppose a 4-gon has 2,5, 11 as three side lengths. Can the
length of the fourth side be 100? Can it be 10? Can it be 1?
What are the possible Iengths of the fourth side?.

(iii) For given positive numbers a, b, c. d, how will you decide if
there is a 4gon whose sides have these lengths?

*20. Counting diagonals of a polygon.
(i) How should we deflne a diagonal of an n-gon? How many

diagonals does an n-gsn have'? Make a table for small values
of n. A 3-gon has no diagonals. A +gon has 2. How many
diagonals does a S-gon have? A 6-gon? Try to find a pattern
and guess the answers for n = 7 and n = 8. Check your guesses
by systematic counting.

(ii) Can you guess a formula for the number of diagonals? How
many diagonals get added when we increase the number of
sides by 1? Can you now justif,r why the formula you guessed
is true for all n?

*21. Sum of angles of a polygon. What is the sum of angles of a
(planar non-self-intersectin$ n-gon? We know that the answer is
180'for n = 3 and 360" for n = 4. Find the next few values. Then' find a formula in terms of n and prove it.

*22. Multiple converses to a theorem. Let us see how multiple
statements can be considered converses to the Midpoint Theorem
and how Theorem 7 is one of them.

To formulate a converse we should express the original
statement in "If ... then ..." form. For a complex statement, there
may be multiple ways to do that. The Midpoint Theorem starts
with aABC and points P and Q on sides AB and AC respectively.



82 Ganita Manjari I Grade 9 | Pafi II

The theorem has tvvo assumptions and ftvo conclusions, which
we have named for further discussion.

Assumptions: (P MID) P is the midpoint (Q MID) Q is the
of AB, and midpoint of AC.

Conclusions: (PRLL) PQ ll BC, and GALF) PQ = +.
Let us use these four named conditions to discuss various

possible statements.
(i) A natural converse of the Midpoint Theorem would be: "If

(PRLL) and (HALF) are true, then (P MID) and (Q MID) are
true." write out this statement fully. Experiment and see
that it seems to be true! Prove the statement. (Hint Try to
run a proof of the Midpoint Theorem baclaarards.)

(ii) To see Theorem 7 as a converse of the Midpoint Theorem,
we flrst write the Midpoint Theorem as follows: "Suppose
P is the midpoint of side AB of aABC and Q is a point on
side AC. If Q is the midpoint of AC then PQ ll BC." (Also lq =

f, lut tet us set that aside for now.) Write ttre converse of

the second sentence in quotes by keeping the first sentence
the same. Verily that Theorem 7 is what you get! (And PQ =

f also follows.) Now write Theorem 7 in terms of the four

named conditions.
(iii) The discussion so far suggests that it is reasonable to

take tvvo of the four listed statements as assumptions and
ask if the other tvvo are true. Verify that only one such
combination remains to be examined. "If (P MID) and (HALF)
are true, then can we conclude (Q MID) and/or (PRLL)?"
Write this out in words. This is a precise version of question
(1) stated before Theorem 7. Can you answer it?

In the text, why did we focus only on Theorem 7 among the
multiple possibilities? Because Theorem 7 turns out to be
particularly usefuI. It is still important to pursue various
avenues while exploring a subject: often it is only after
examining multiple possibilities that we can judge what is
most valuable.

*23. Validity of tiling methods. Show using reasoning that each of
the three tiling methods we saw produces a tiling of the plane
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using the given &gon, You have to prove that when we place
new copies using any of the three procedures, the entire plane
is covered with no gaps and no overlaps. First, think carefirlly
about what it means to prove this. Then find a proof for each
procedure.

*24, What fraction of the square is shaded?

Quadrilateral: For four distinct points A, B, C, D in a plane with
no three collinear, the qusdrilateral ABCD is a collection of all
points on segments AB, Bc, cD, DA provided every point other
than A, B, C, and D lies on exactly one of these four segments.

A quadrilateral is convex when all of its internal angles are less
than 180', or equivalently, when its diagonals intersect.
The following converse statements about parallelograms are
true:. If the opposite sides of a +gon are equal, then it is a

parallelogram.. If the opposite angles of a tl-gon are equal then it is a
parallelogram.

. If the diagonals of a 4gon bisect each othe4, then it is a
parallelogram.

" If a pair of opposite sides of a 4gon are egual and parallel
then it is a parallelogram.

Fig. 12.43

CxAsrsn SuuumY
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The ltfitdpolnt Theorem: the line joining the two midpoints of
any two sides of a triange is parallel to the third side and has half
the length ofthe third side.

A Converrc to the Mtdpolnt Theorem, the line passing through
the midpoint of a side of a triangle and parallel to a second side
bisects the third side.

Medians ofa triangle are concurrent and the point ofconcurrence,
called the centrol4 divides each median in a 2 : 1 ratio.

The tl-gon formed by joining the midpoints of a given 4-gon is
always a parallelogram.

The plane can be tiled with any given 4-gon.
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In Chapter 2 of Ganita Manjart, Part I, we explored linear patterns and
learnt about linear polynomials. In this chapter, we will go a step further
in exploring linear equations in two variables, by learning how to solve
a pair of linear equations.

13.1 Lrueen Equarous rN Two VepJasr,rs

Radha stops at a fmit cart. The price
tags say that mangoes cost t60 per
kg and bananas cost 450 per kg. She
buys some kilograms of mangoes
and some kilograms of bananas.
Altogether, she pays t280. Can we
express this situation as an equation?

Since we do not know how many
kilograms of mangoes or bananas
she bought, let us assume that

x = number of kilograms of
mangoes

y = number of kilograms of bananas

The cost of the mangoes is t60x and the cost of the bananas is t50y.
The total cost is t280. Hence, we can express this using the linear

equation
60xt50y=280.

Notice that the left-hand side (LHS) and the right-hand side (RHS)

of the equation both represent the same quantity, that is, the total cost
(in t).

The equation 60x + 50y = 280 is a linear equation in two variables.

Iff rwo variables, one Line

rJ.
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13.1.1 Standard Form of Llnear Equadons ln Tlvo Varlableg

Any equation that can be expressed in the form ax + Dy * c = 0, where c,
b and c are real numbers, and a and b are not both zero, is called a linear
eguation in Evo variables.

ax * W + c = 0 is referred to as the standard form of the linear
equation. Here a and b are the coefficients of the variables x and y
respectively and c is a constant.

It is useful to note the following:
(i) The coefflcients a and b and the constant c can also be

rational numbers. For example, fi, . tf, - ] = O is also a linear

equation in two variables in standard form. Howeve4 for
convenience, in such cases we often multiply the equation
by a suitable number to remove the fractions and write the
equation with integer coeffrcients. Here we can multiply by
20 to get the equation 5x + 12y - 10 = 0.

(ii) Equations of the type ax + c = 0 are special cases of linear
equations in two variables as they can be expressed as
ax + oxy + c = 0. For example, 7 + 4x = 0 can be written as
4x + oxy + 7 = 0, with a= 4, b = 0 and c = 7.

Example 1: Write each of the following equations in standard form,
ax + by + c = 0, and indicate the values of a, b and c in each case:

(i) 5x+2y=2.7 <irl i-+=|t (iii) a=1.sx-1.3y
(iv) 3Y = 5

Solution:
(i) 5x+ 2y =Z.l can be written as5x+ 2y -2.7 =0. Here a= 5,

b = 2 and c = - 2.7 . The equation can also be rewritten as

-5x -2y + 2.7 = 0. Inthiscasea=-5,b=-2,c=2.7.

$\ ;- 4= |r.rn be written as i -|t - += o.

Here a = L.t = -l andc=-4.2'2
(iii)   = 1.5x - 1.3y can be written as 1.5x - 1.3y - 4 = 0.

Herec=1.5,b=-1.3andc=-4. It can also be written as

-1.5x+1.3y+4=0. In this case a = -1.5, b =1.3 and c = 4.

(iv) 3y = 5 can be written as oxx + 3y-5 = 0. Here a = 0, b = 3 and
c=-5.
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1. Write a linear equation in tlvo variables in which a = 3, b = 0 and

.=-1.
5

Complete the following table after expressing the given linear
equations in standard form.

Linear equation
in two variables

2

y -75 = "fzx

3

5x=3y

(i) The cost of a notebook is twice the cost of a pen. Consider the
cost ofa notebook to be ft and that of a pen to be tp. Charlie
wrote t = 2& whereas Meera wrote p = 2t. Which of these
two representations is correct?

(ii) In a one-day International Cricket match between India and
Sri Lanka played in Nagpur, two Indian batsmen together
scored 176 runs. Manisha expressed this situation as
x + y = 176, where the number ofruns scored by one batsman
is x, and the number of runs scored by the other isy. Is this a
correct representation?

Standard
Form

Coefficient
ofx

coefficient
ofy

Constant
term

x=8

3J=r

Exencnr Srr 13.1

3y-2x=O
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13.2 SolunoN oF LTNEAR EquerroN rN Two Venrlsrrs
In earlier grades, we have seen how to solve linear equations in one
variable. What can we say about the solution of a Iinear equation
involving two variables?

13.2.1 Algebraic Meaning of Solution

A solution of a linear equation in two variables is a pair of values of x
andy which satisfi/ the given equation.

Let us consider the equation 3x + 2y = L2.
Here, x = 2 andy = 3 is a solution because substituting the values ofx

andy into the given equation satisfles the equation.
Note that, 3x + 2y = (3 x 2) + (2 x3') = 12.
Asolution canbewritten compactlyas apair ofnumbers. Forexample,

the solution x = 2 and y = 3 can be written as (2, 3). The order of the
numbers in this pair matlers: the flrst number is the x-value, and the
second number is the y-value. Hence we call this an ordered pair.

Similarly, (4,0) is also a solution of the equation 3x + 2y = 12 since
substituting x = 4 andy = 0 leads to 3x, 2y = (3 x 4) + (2 x 0) = 72.

What about the ordered pair (1, 3)?
We seethat 3x + 2y = 3 x \ + 2 x 3 = 9 + 12. So, (1, 3) is not a solution.

Think and Reflect

^* (,,;l(0,6), (4, o *u (rl,An 
)solutions 

orrhe equation 3x + zy = tz?

Can you find any other solution? How many solutions can you find?

Suppose we are given a linear equation in two variables. For any
value u that we assign to x, we can fird a value v fory such that (u, v)
is a solution. We first substitute u for x in the equation. This gives us a
new linear equation iny that can be solved to find v. This allows us to
generate an inflnite number of solutions to the original equation.

13.2.2 Geometric Visualisation of Solutions

Consider all the solutions of a linear equation in two variables,
expressed as ordered pairs. What do we get when we plot the points
corresponding to these ordered pairs?

The equation 3x + 2y = 12 can be rewritten as

2v = -3x + 72orv = - 3, * lZwhich is the same ss y =-9a * 622-Z



A (-1,7.5)

y-axis

B (0, 6)

I

8

7
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D (4, 0) x-axls

5

4

3

')

I

-l

c (1,4.s)

-3 -2 -1 0 7234 56

Fig. 13.1

We have already seen in the chapter on Linear Polynomials that
plotting the solutions of an equation of the form y = mx + d leads to a
straight iine joining them. Every solution (x,y) of the equation is a point
on the line.

Clearly the solutions of y = - fx * O are the same as those of

3x + 2y = 12. Hence the graph of 3x + 2y = 12 is the same as that of
v = - 3x * 6.-2

Example 2: Find any trvo soluti ons of 2x +y = 7. Draw the graph of this
equation. Use the graph to find 4 more solutions.

When we substitute x = 0 in the equation, we get (2 x 0) + y = 7,
that is,y = 7. Hence one solution is (0, 7). By substitutingy = 0, we get

2x + 0 = 7.that is, x = ]. rrru., fi, o) tr also a solution.
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We can represent these solutions or ordered pairs in the form of a
table.

Using these two points, we can draw the graph of the equation.

y-axis

D (2,3)

2

Fig. 13.2: Groph ofthe linear equation 2x + y = 7

_ From the graph, we see that (1, 5), (2, 3), (3, 1), 
L!,n) ".. 

,ro rolutions
of.Zx+y=7.

Note that an easy way of identifying two points on a line is to
substitute x = 0 in the linear equation and obtain the corresponding
value of y. This will give us the point where the line intersects the
y-axis, Similarly, we can substitute y = 0 and obtain the corresponding
value of x. Ttris will $ve us the point where the line intersects the x-axis.

ErrmEle $ tind any fi^ro solutions for each of the following
equations and draw their graphs:

(r) 4tr+3y=12 (ii) 2x+5y=0
Soludon:
(i) Substihrting x = 0 in the equatioru we get 3J = 12, that is,

y = 4. So (0, 4) is a solution of the given equation. Similarly, by substituting
y = 0, we 8et x = 3. Thus, (3, 0) is also a solution.

"j



y-axis
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A(3,0) x-axis

\

5

4

3

2

1

B (0, 4)

-z -1 0

7

1

723 45
\

23,1 5 67

Fig. 13.3: Graph of the lineat equation 4x + 3y = 12

(ii) Substituting x = 0, we get 5) = 0, that is,y = 0. So (0, 0) is a solution
of the given equation. To get another solution, substitute x = 1. The
corresponding value ofy is - f. So, (1, - f) is also a solution. In fact, we
can substitute any value for x and obtain a corresponding value ofy.
For example, substituting x = 5 we obtainy = -2. Let us represent these
solutions or ordered pairs in the form of a table.

When we plot the ordered pairs A(0, 0), B
that they Iie on a line.

y-aris

A (0, 0) x-axrs

-2 -7 0

-1
aa, -o.<)

c (s, -2)

0 1 5

0
2-5

Fig. 13.4: Graph of the linear equation 2x + 5y = 0

x

(r, +) and C (5,'-2) we see
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Example 4: In the equations shown below a and b are unknown
numbers.

3oo<+4y=-2
2x+by=t4.

If (-3, 4) is the solution of both equations, find the values of
a and b.

Solution:
Step 1: Substitute (-3, 4) into the flrst equation, (that is, x = -3 and

v=4).
3a(-3)+4(4)=-2

or -9a+ 16 = -z. or -94 = -18or a=2
step 2: substitute (-3, 4) into the second equation.

2(-3)+b(4)=74
or -6+4b=14or 4b=20
or b=5

Think and Reflect

Four friends-Raniu, Meena, Farhan, and Toshi-are solving problems.

Raniu: I noticed something! If c = 0 in the standard form of a line
ax * by n c = 0, then the line must pass through the origin. Look, if I
substitute x = 0 andy = 0, in equation ax + D = 0,.the equation is satisfied.
So, the origin lies on the line! we can also say that the line passes through
the origin.
Farhan: Let us try for the equation 2x + 3y = 0. Here 4 = 2, b = 3 but c = 0.
If we substitute x = 0, then we get 3y = g ory = 0. This means (0, 0) lies on
the line. So yes, this line passes through the origin.
Toshi; Suppose our equation has b = c = 0, say,5x = 0. This becomes
x = 0 which is the equation ofthe y-axis. And the y-axis passes through the
origin.
Meena: And if we take a = c = O, say, 7y = 0, that meansy = 0, which is the
equation of the x-axis that also passes through the origin.

So, they conclude: Whenever c = 0, the line ax + by* c=0 will always
pass through the origin, i[espective of the values ofa or b, Do you agree
with them?
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1. Verify if the ordered pair (4, 3) is a solution of 5x - 6y = 2. Explain
your reasoning.

2. Find any tlvo solutions for each ofthe following eguations:

(i) 7x-3y=21 (ii) 2x+3y=5
3. In the equations given beloq m and n are unknown constants:

Zfia + gy = 7t 4x + ny = _10, If (2, _1) is the solution of both
equations, find the values of m and n.

4. Find two solutions which lie in different guadrants for each of
the following linear equations. Identifli the guadrants in which
the points lie.

(i) 5x+3y=7 (ii) 5x-3y=7
(iii) -Sx + 3y = 7 (iv) -5x - 3y = 7

Veriff your solutions by representing the linear equations on a
graph paper.

5. Consider the graph of the equation 3x - 7y = 21 shown below.' Does the point C (2, 3) Iie on the line? Does it satisfy the equation?
Can points that do not lie on the line satisfy the equation?

A(7

izjJ:i3t

Ercncrsr Sm 13.2
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6. State whether the following sentences are True or False. Justiry
your answer.
(i) A tinear equation in two variables has only one solution.
(ii) The graph of a linear equation in wvo variables always

passes through the origin.
(iii) A linear equation in two variables can never have rational

solutions.
(iv) x = 3 is a valid linear equation in two variables.
(v) The eguation 2x + 3y = 7 has inflnitely many solutions.
(vi) The point (1, 2) is a solution of the equation 2x + 3y = 7.

7. (i) Compare the solutions of the equations 3x + 4y = 7 and
6x + 8y = 14. Argue that they have the same set of solutions,
that is, every solution ofone is also a solution ofthe other.

(ii) Show that the equations ax + by = c and kax + kDy = kc, with
k + 0, have the same set of solutions.

13.3 Sropr-rNrERcEpr FoRM oE A LTNEAR Egueuou
IN TWO VARIABLES

13.3.1 Understarding Slope

Have you ever walked or cycled
up a steep hill? How did it feel
compared to walking on a flat
road? On a flat road, you can
move without much effort. But
as the road becomes steepel you
have to work harder to climb.

The steeper it is, the more
effort is needed to cycle.

In mathematics, the idea of
'steepness' of a line is called its
slope or gradient.

1. A po8itive slope means
going 'upward' as we
move from left to right.

2. A negative slope means
going 'downward' as we
move from Ieft to right.

#
t
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Fig. 13.5: (i) represents the case of a positive slope, whereas
(ii) represents that of a negative slope.

Case (i): case (ii):
horizontal step

positive
vertical step

negative
vertical step

horizontal step

Fig. 1s.s

Let us consider a Iine passing through tlvo points A(x, yr) and
B(xTyr).

y-axis

B(x,,)z)

Fig. 13.6

The horizontal distance between the tlvo points is (4 - xr) and is
often referred to as the Run. It tells you how far the line goes to the left
or right. Moving to the right means a positive run while moving to the
left means a negative run.

The'vertical distance between the two points is 0, -)r) and is often
referred to as the Rise. It tells you how much the line goes up or down
when moving from one point to another. If the line goes up, the rise is
positive. If the line goes down, the rise is negative.

The sloPe of a line = *r"B* = ++
Consider the graph of the equation shown in Fig. 13.7 which passes

through the points A (2, 0) and B (4, 3).

I
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y-axrs

A (2, 0)

B(43)

Rise = 3

x-axrs

3456789

4

3

1

-1 0

-1
_t

7234567
Run=2

Fig. 13.7

Point B can be reached from point A by moving 2 units along the
positive x-direction (the run), and 3 units along the positive y-direction

(the rise). Hence slope of the line = f# =;
Now consider the same line AB further extended beyond B as shown

in Fig. 13.8.

y-alis

B (4, 3)

A (2. 0) x-axls

D

c

9

8

7

6

5

4

3

2

7

-2 -1 0

-1

1

Fig. 13.8



The slope

weceti=;
of the line using points A and B is I and using B and D

. We may therefore conclude that the slope of the line

Two Variables, One Line 97

x-arns

remains the same and is independent of where we measure it on the line.

Think and Reflect

1. Consider the point on the line AB whose x-coordinate ,s 8. What is the
y-coordinate of this point? Express this as an ordered pair.

2. What is the xroordinate of the point on the Iine AB whose y-coordinate
is 6? Express this as an ordered pair.

Example 5: Consider the straight line that passes through A(-1,0),
B (1, 2), and C (4, 5). PIot the points and find the slope of the line.

y-a&s
6

5

4

2

c (4,

3

B(1,

P

A(-1,0)

-2 10 t234s67
-1

Fig. 13.9

Take any tlvo points, say B and C, and flnd the ratio of vertical step
(rise) to the horizontal step (run).

Hence, srope = SB=i*=,
It may be verifled that we will get the same slope by considering any

two points.

Erample 6: Consider the line in Fig. 13.10 which passes through
A(-4 5) and B(-1,2). Find the slope of the line.
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A

-6 -5

y-axis

x-axrs

-2 -70
-1

72

Fig. 13.10

If we denote the points A(-4, 5) and B(-1, 2) as (x1, y1) and (x2 yr)
respectively, then

srope=ffi =#;=t'=-r.
If we do the reverse, taking B(-1, 2) as (xf yr) and A(-4, 5) as (xr,yr),

then

Slope PA 5-2
1PB -4-(-1) -3

Hence the slope remains the same irrespective of the order in which
we choose the points.

In general, if (x,yr) and (xr,yr) are two points on a line, the slope is

given by the expression {}, unO it remahs the same for any tlvo

points on the line. There is a simple and elegant proof of this result
which you will see below.

13.3.2 Slope,Intercept Form

in the chapter on linear polynomials, we were introduced to the fact
that in the linear equation ! = mx + d, 'm' represents the slope or
steepness of the line while 'd' represents the y-intercept, that is, the
length cut off by the line on the y-axis from the origin. Thus,y = 7a;x + I ig
also referred to as the slope-intercept form of a line.

3
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But why does 'm' represent the slope? To understand this let
us consider tlvo points A(xl, y1) and B (x2, yr) which Iie on the line
y = mx + d. Since they satisff the equation we get, yl = rnxl + d and
!r= mxr+ tr.

Now the slope of the line passing through the points A and B is

Jz-lt -(mxr+ 
d) - (mxr+ d1 ntx. - rtx. ,n(x" - x.l

Xr- X, Xr- X,Xr- X, Xr- X,

This is the reason why we can just read off the slope of a Iine if its
equation is in the formy = mx + d. This also shows that the slope m of

a line with equation y = mx + d.is given by 
y#for 

any tlvo points

(x,, y,) and (xr, yr) on the line, regardless of which points they are.

Note that the standard form of the equation of a line s.{ + by + s = Q

can be rewritten as

by = -ax - c or y = -f * -f, , o * ol,

which is of the formy = mx, il.Here m = -* ,na a = -9'b -"-- b
Hence y = mx + d is another form of expressing the linear equation

ax * W, c = 0, provided b + 0.

Consider the line 5x +y = 3. Rewrite it asy = -5x + 3. Can you now flnd
its slope? What does it mean?

In y = -5, + 3, m = -5 is the slope, which means for every increase
of 1 unit in x,y decreases by 5 units. d = 3 is they-intercept which means
the line crosses the y-axis at (0, 3).

Let us make a table of values to draw its graph.

Plotting the ordered pairs A(0, 3), B(1, -2), c(-1, 8) and drawing the
line through them we get the graph ofy = -54 + 3.

Think and Reflect

can you use the points A, B and c to verify that the slope of this line is
indeed -5?

0 1

3 6Ex



0

9

8

7

1

y-aris

\
c(-1, 8)

\
\6

3

2

A(0,3)

1

-4 -3 -2 -1 0

-1
B(1, -2)

fig. 13.i, j cmph olthe lineat equatlony - -5x + 3

Let us further explore the geometrtcal meaning of the slope of a line
], = nrx + d. To do thls we will consider the followlng cases:

1. Posltlve Slope (m > 0). The llne goes upward from left to right.
As x lncreases, ) lncreases. Iny. 2a + 1, the slope is m = 2. It
means for every unit you move.to the right, you also go up
2 unlts.

2. Negative Slope (m < 0). The llne goes downward from left to rlght.
As x increases, y decreases. Iny = -3* + 4 the sloPe ls m - -3. It
means for every unit you move to the right, you go down by
3 units.

3. Zero Slope (m = 0). In this case the line is horizontal and paraUel to
the x-axis. That is,y rematns constant asxchanges. Forexample, in
y=S,theslope=m=0.

7 2 34

-3
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y=s

<F-.---+...'....-
-4-3-2-70

--.-.=--'-<->

6

4

3

2

1

x-axts

4

-1

Ftg. 13.12: Graph ofy = 5

Undefined Slope. Here the line is vertical and parallel to the
y-axis. x is constant as.;l changes. The Iine x = 2 is an example. But
it is not of the formy = mx + d. While calculating the slope of this
line we get 0 in the denominator. Since division by 0 is undeflned,
we take the slope also to be undefined.

y-axis

-4 -3 -2 -1 1

+_---.}
1234

x=2

x-axis

3

6

5

4

3

1

40

-1

rU. I3.r3; Grqh of x = 2

Two vafiables, One Ltne 101



lO2 Gantta Manjari I Grade I I Part II

The following diagrams represent ski hills. Rank the hills in order
of their steepness, from Ieast to greatest.

ABC

80m
60m 60m

70m 110 m 100 m

1

, The ramp at a loading dockrises 2.5 metres over a run of 4 metres
Find the slope of the ramp.

(ii)

Exrncrsr Srr 13.3

3. Find the slope of the line I in each of the following diagrams.

(i)



Two Variables, One Line 103

(iii) (iv) v

x x

4 An accessi-bility ramp for wheelchairs is to be made alongside
the staircase. The guidelines'given for the slope of the ramp is
1 cm vertical rise to 12 cm horizontal length. What should be the
horizontal length of the ramp if the total height of the stairs is
18 cm?

13.4. Parn oF LTNEAR EeuATroNs rN Two VARTABLEs

e

t260

o

L:l

<90 /-
1, 2+ +, 7
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Think and Reflect

The cost of one paratha and 2 bowls of dahi is t90. Also, the cbst of
2 parathas and 7 bowls gf dahi is t260. Can you figure out the cost ofone
paratha and one bowl of dchd and explain your reasoning?

Do you remember Rakesht puzzle from Grade 7 ? "I have thought of
two numbers", he said. "Iheir sum is 25 and their difrerence is 11". We
solved the problem by making a table and listing possible combinations.
We can also solve this using a pair of linear equations.

If the two numbers are x andy, we get the equations

x+y=25 andx-y= 11.

Such problems lead to a pair oflinear eguations in two variables.
A solution to such a pair of equations is an ordered pair
(c, b) that satisfies both equations. How do we find a sohition? We shall
soon see.

Consider another situation. A science exhibition charges an entry
fee that is different for adults and children. Here are the amount paid
by two different groups.

Group A: 2 adult tickets and 3 child tickets for a600

Group B: 3 adult tickets and 2 child tickets for t700
How much do individual adult and child tickets cost?

If the cost of one adult ticket is {x and one child ticket is ry, then:

U+3y=600,3x+2y=lOO.
TNs gives us another pair of linear eguations in two variables.
A solution to these equations will give us the answer that we seek.

Can you see why?

10 15 25 -5

zo 5 25 15.

2518 7 11

First Number Second Num-ber Sum Difference
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In general, a pair of linear equations in two variables x andy can be
written as:

a1x+b1y+cl = 0 and az x + bzy + cz = 0, where ar, br, cr, a, b, c,
are all real numbers, a, and b, are not both zero, and a, and D, are not
both zero.

Given below are some everyday situations. Construct a pair of linear
equations in two variables for each situation:

1. On two different days a family buys movie tickets and snack
' boxes. Let the cost ofone movie ticket be tx and the cost ofone

snack box be }l. Frame a pair of linear eguations in x andy to
represent the following situations:
(i) On the first day, the family buys 2 movie tickets and 3 snack

boxes for t850.
(ii) On the second day, the family buys 4 movie tickets and

1 snack box for t1100.

2. TWo friends, Sahil and Meena, travelled by taxi. Let the fixed
charge for one tixi trip be tx and the additional charge per
kilometre be <y. Frame a pair of linear equations in x andy to
represent the following situation:
(i) Sahil travelled 6 km and paid a total fare of t122.
(ii) Meena travelled 8 km and paid a total fare of t160.

.3. In a sports meet, tickets for adults cost t150 each and tickets for
children cost t100 each. A total of200 people attended the meet,
and the total amount collected from ticket sales was t25,000. (Let
the number of adult tickets sold be x and the number of children's
tickets sold bey.) Erame a pair of linear equations in x andy to
represent this situation.

13.5 Frrnruc SoLUrroNs ro A PArR oF LTNEAR EquauoNs
We have already seen how to solve a linear equation in a single variable.
In order to flnd the solution of a pair of linear equations, we need to
think of methods by which we can reduce the pair to a linear equation
in one variable. In this section we shall study two methods.

Exrncrsr Sm 13.4
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13.5.1 Algebraic Methods for Solving a PaL of Linear Eguations

Think and Reflect
Solve the puzzle and discuss your strategy with
your friends. Can you determine the value
represented by each shape?

z8

l8

2o

1"32a

We note from the first row that the values of 2 triangles and
2 rectangles add up to 28. We may express this as 2T + 2R = 28 or as
T + R = 14. Similarly, the Iast column may be written as 2C + T + R= 22.
Here T, S and C represent the values assigned to a triangle, a rectangle
and a circle respectively.

Since we know that T + R = 14, we can rewrite the second equation as
2C + 74 = 22, solving which, we get C = 4. once you have the value of C,

you can find the values ofthe other shapes. Try it for yourself.

We will now learn tvvo methods for solving a pair of linear
equations. One is called the method of substitution whi-le the other is
referred to as the method of elimination.
Substitution Method: We will demonstrate the method of substitution
by solving a pair of linear equations in &vo variables.

Example 7: Solve the following pair of equations by substitution
method:

7x-1sy=2 (1)

x+Zy=3 (2)

Solution:
step 1: we select either of the equations and express one variable in

terms of the other.
Let us consider Equation (2), that is, x * 2y = 3 and wdte it as

x=3-2J (3)

Step 2: CIearIy, all (x, y) that satisry both the given equations must
also satisfy x = 3 - 2j. Since this relation must hold true in Equation (1),
substituting x = 3 - 2y in it we get

7(3-2Y)-rsY=2

AUAlaTIIHHHEqEIEEIqtrss
c[Eroo
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or
or

Therefore,y = 19 .

Step 3: We can find the value of x by substituting the value ofy in any
of the equations. Let us use Equation (3).

,=r_r(*)=x.
Therefore, the solution of the Equ;tiofi (1) and (2) O - = #,, = B.
To veri$ if the solution is correct, we substitute * = # ,, = ]$, *

Eguations (1) and (2) and check if they are satisfled. Try it for yourself.

Think and Reflect

What if we had expressedy in terms of x, i.e., take Equation (2) and write

Example 8: If two angles of a triangle are x" andy'withy = rLx, and the
third angle is 50', what are the angles?

The three angles of the triangle are x",y', and 50'.

Using the angle sum property of triangles,

xo +11o + 50. = 180. (1)

Also, y=4x. (2)

Substituting the value ofy in Equation (1),

we get x+ 4)(+ 50= 180

or 5x = 130

or x= 26".

Therefore,Y=4x=104".

Elimination Method
Now let us consider the method of elimination for solving a pair of
Iinear equations. This requires us to eliminate one of the variables x or
y. Sometimes it is more convenient than the substitution method. Let
us see how this method works.

21-r4Y -75Y = I
-29Y = -19

f = ] ta - rl. Woutd we still get the same solution?
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Example 9: The ratio of incomes of two persons is 9:7 and the ratio
of their expenditures is 4 : 3. If each of them manages to save t2000 per
month, flnd their monthly incomes.

Since the ratio of the incomes of the two persons is 9 : 7, it means that
for every 9 equal parts of income ofthe flrst person, the second person
has 7 egual parts. If the egual part is x, the incomes ofthe tlvo persons
will be 9x and 7x.

In a similar manne4 we may consider their expenditures to be 4y
and 3y, respectively.

Then the equations formed by subtracting the expenditure from the
income Ieading to a saving of t 2000 are as follows:

9x-+Y=2969 (1)

7x-3Y=2ngg (2)

To solve these by the method of elimination, we proceed as follows:
Step 1: we flrst decide which variable to eliminate. Suppose we wish

to eliminatey from both equations. We multiply each side of Equation (1)
by 3 [the coefficient ofy in Equation (2)], and multiply Equation (2) by
4 [the coefficient of] in (1)1. By doing this the coefficients ofy in both
equations become equal. We get the equations:

27x-t2Y = 6000 (3)

28x - 12Y = $ggg (4)

Step 2: Subtract the LHS and RHS ofEquation 3 from the LHS and RHS
of Equation 4 respectively. Since we are subtracting equal quantities
from equal quantities, we get

(28x - 27 x) - (12y - t2y) = 2ooo.

This step eliminates the variabley, leavin! us with (28x - 27x) = 2000
or x = 2000.

Step 3: Substituting this value of x in (1), we get

9(2000) - 4y = 2000 i.e.,y = 4000.

Hence, the solution of the equations is x = 2000,y = 4000.

Therefore, the monthly incomes of the two persons are t18,000 and
t14,000, respectively.

Let us veriry our solution. The ratio of the incomes is 18000: 14000 =
9:7. Also, the ratio oftheir expenditures = (18000 - 2000) : (14000 - 2000)
= 16000 : 12000 = 4: 3. Hence, the conditions ofthe problem are satisfled.
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Think and Reflect

The method used in solving this problem is called the Elimination Method
because we eliminate one of the variables to obtain a Iinear equation in
the other variable. In the example above, we eliminatedy. Try the same
problem by eliminating x instead ofy. Also try to solve the two equations
using the Substitution Method. Assess the pros and cons of each method.

Example 10: The sum of a two-digit number and the number
obtained by reversing its digits is 66. If the digits of the number difier
by 2, find the number. How many such numbers are there?

Let the ten's and the unitt digits in the flrst number be
x and), respectively. Also let us assume that x is the larger digit and
y is the smaller one. So, the fust number may be written as 10x +y in the
expanded form (for example, 73 = 10 x 7 + 3).

When the digits are reversed, x becomes the unit's digit and
y becomes the tent digit. This numbe4 in the expanded notation, is
10y + I 6o. example, when 73 is reversed, we get 37 = 10 x 3 + 7).

According to the given condition, we have (10x +y) + (10y + x) = 66.
Thus

11(x +y) = $$, 1.g., x+y = $ (1)

We are also given that the digits difier by 2, i.e.,

x-y=z (2)

Solving (1) and (2) by elimination, we get x = 4 andy = 2, so, the
two-digit number is 42.

The number 42 and its reverse 24 when added gives 66, and this is
the unigue solution.

Does a paA of Inear equations always have a unique solution? Can
you analyse this using the Elimination Method? while subEacting the
equations to eliminate a particular variable, if the other variable remains,
then dearly there is a unigue solution. But what if the second variable
gets eliminated too while eliminating the first variable? Can you think of
a situation where this happens?



Think and Reflect

Think and Reflect

What if one of a, b, c, is zero?

Think and Reflect
Does a pair of }inear equations always have either a unique solution or
infi nitely many solutions?
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Consider the Iinear equations
x-y = 10 (1)

10x- toy = 166 (2)

To eliminate x, we multiply the first equadon by 10. But by doing this,
both equations become 10x - 10y = 100. Since both equations are the
same, every solution of 10x - 10y = 199 is a solutidn of both equations.
We know that 10x - 10y = 100 has inflnitely many solutions. Hence, the
given pair of equations has inflnitely many solutions.

Hou, many solutions are there to the equations 
'

10x- 5Y = 20 and rL(- 2), = 8?

Give 3 more examples of pairs of equations that lead to 0 = 0 after
subtraction, and therefore have inlinitely many solutions. Can you find a
simple rule to check when this happens?

Consider a general pair of equations

a{ + blY + cr= 0

arx+bS+sr=g
with a, b, and c, each not egual to 0.

From the discussion above, it can be seen that whenever one of the
equations is a constant multiple of anothe4, the equations are the same
and so have an infinite number of solutions. Suppose this constant
multiple is k, where k is not necessarily an integer but may be any
number. Then

a, = kar, b, = kb r, c, = kc, where k * 0. .

a. b- c.

.or,IlJi;ln.n d,= i= d= k, the pair of equations has inflnitely many



Consider the linear equations
x-y=70 (1)

10x- 10Y = 101 (2)

Multiplying both sides of (1) by 10 gives
10x- 10y = 100 (3)

The Ieft hand side in (2) and (3) are equal expressions, but the right
hand side are not. Hence we cannot find values ofx andy that satisfy
both (2) and (3). Thus, this pair of eguations has no solution!

Thfuik and Reflect
Give 3 more examples ofpairs of equations that have no solution. Can you
find a simple rule to check when this will happen?

When a pair of equations

al+btY+c.=0
aS+bS+sr=6

(with a2 b, and c, all not equal to 0) is such that after suitable
multiplications, we can make

(i) the coefficients ofx of both equations equal, and
(ii) the coemcients ofy of both equations equal

while the constants c, and c, remain unequal, the pairhas no solution.

These conditions mean 01 = ka, b, = kb, cr+ kc2, where k + 0.
a- b, c-

Hence, when 4= t- d, the pair has no solution.

a, b.
When 4 = 6;, both thevariables geteliminated duringthe Elimination

Method. Based on what happens to the constants, the pair can either
have an inflnite number of solutions or no solution.

We have already seen that when one of the variables remains during

the Elimination-Method, there exists a unique solution. This can happen
-a-b.onlywhenE*D;.

Summarising, we have the following cases:
a- b,

1. when or + 
rJ, the pair has a unique solution,
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a. b- c.
2. when E= i= . , the pair has an infinite number of solutions, and

3. when ?,='trZ,the pair has no solution.

Think and Reflect

Are the converses of the above statements true?

Think and Reflect

Can there be methods other than elimination and substitution to reduce
a pair of linear equations in tvvo variables to a linear equation in one
variable? If so, describe them.

A Pinch of History

Solving systems of linear equations is one of the oldest problems in
mathematics, going back thousands ofyears. The earliest traces appear
in Babylonian cuneiform tablets (c. 2000 BCE). They were studied
systematically in ancient China; the Nine Chapters on the Mathematical
Art (compiled roughly two thousand years ago) devotes an entire
chapte4 fangcheng, to systems of linear equations, solved by arranging
coefficients in columns of counting rods and then combining columns
to cancel out variables-a procedure essentially identical to modern
elimination, fully eighteen centuries before Gauss's name became
aftached to it in Europe. Many Indian mathematicians, including
Aryabhala (499 cE) and Brahmagupta (628 CE), also studied general
systems of equations in several unknowns using their own systematic
reduction techniques including elimiriation.

13.6 Gnaprucar, METrroD FoR SoLVING A Pan oF LTNEAR

Egueuoxs IN Two VARIABT.P.S

In this section, we learn how to solve a pair of linear equations
graphically, that is by plotting the lines represented by the two
equations.

ll2 Ganita Manjari I Grade 9 | Part II

Thus, (1), (2) and (3) can be used as simple rules to check for the nature
of solutions.
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Consider the following pairs of linear equations in two variabies.
Pairl: 2x+y- 6andx-) = 2

Pair2: x+) - 4and Zx+2y =8
Pair 3: 3x 2y = 6 and 6x 4y = 12

Pair 4: x -Zy = 4 and 2x - 4y = 6

For each pair, prepare a table of values (with at least two ordered
pairs). Plot the points on the Cartesian plane. Draw the straight lines.

Think and Reflect
How do we find solutions from &e graph? What can we say about the
numler of solutions when the two lines (i) intersect at a point, (ii) are
parallel, (iji) are coincident?

0

,) 0

0 3

-4

Solutions to the pair of eguations are points that lie on both lines.
Thus

(i) when the lines intersect in a single point, there is a unigue
solution;

(ii) when the lines are parallel, there are no solutions; and
(iii) when the lines are coincident, there are infinitely many

solutions.

Example 11: Solve the pair of linear equations x + 3y -- 6 and
2x -3y = 12 graphically. Comment on the nature of the solution.

Consider the equation x + 3y = 6. Expressingy in terms of x, we get

y=6-x.
Considering x to be first 0 and then 6 we obtain the corresponding

vdlues ofy as 2 and 0 respectively. Hence (0, 2) and (6, 0) are points on
the line.

Now consider the equation 2x- 3y = 12. F,xpressingy in terms of x, we

gety =b =12 
. considering x to be 0 and then 3, we obtain the values of

y as -4 and -2 respectively. Hence (0, -4) and (3, -2) are points on the line.

x

v

x

v

6
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Now plot the points A(0, 2), B(6,0), P(0, -4) and Q(3, -2) on a graph
pape4 and join the points to form the lines AB and PQ as shown in
Fig. 13.14. We observe that the point B(6,0) is common to both the lines.
In fact the lines AB and PQ intersect at B. So, the solution of the pair of
Iinear equations is x = 6 andy = 0. Also, we can say that the given pair of
equations has a unique Bolution.

Fi$. 13.14: Graph of the pair of linear equations x + 3y = 6 and2x - 3y = 12.
They have the unique solutton (6, 0) or x = 6, y = g

If we consider the ratios of the corresponding coefficients and

constants in the equations x + 3y = 6 and 2x - 3y = tZ, we getfr= I,
*,= +=-1. Here #,-oi *"have also seen graphically that the lines

intersect.

Example 12: Determine if the lines x +2y-4= 0 and 2x+ 4y-t2=O
intersect, coincide or are parallel to each other. Then verify your answer
by graphing the equations.

On comparing the coefficients of these rwo equations we getl= 
+,b, Z I c., 4 1-.. a, b,. c.

,,= i= i'q= i = t. w" observe that 4 = 4 but is not equal to 7i.
Thus, the equations have no solution and hence the lines are parallel.

As before, we identi$ the points (0, 2) and (4, 0) on the line x + 2y - 4 = 0

4

2 0

x 0
I

v
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Similarly we find tlvo points on the line 2x + 4y - 12 = 0, say, (0, 3)
and (6, 0).

To represent the equations graphically, we plot the points R(0, 2)
and S(4, 0), to get the line RS and the points P(0, 3) and Q(6,0) to get the
line PQ.

Pig. 13.15: Groph ofthe pair oflinear equations 2x + 4y-12=0andx+ 4-4= 0

We observe in Eig. 13.15 that the lines do not intersect anywhere
and are parallel.

Example 13: Romila went to a stationery shop and purchased
2 erasers and 3 A4 sheets for t9. Her friend Sonali saw the new variety
oferasers and A4 sheets Romila bought, and she also bought 4 erasers
and 6 A4 sheets of the same kind for t18. Represent this situation
graphically.

Let us denote the cost of a erasers by tx and one A4 sheets by
}l. Then the algebraic representation is given by the equations
2x + 3y = 9 and 4x + 6y = 18. writing these equations in standard form we
Eetzj( + 3y-9 = 0 and4x + 6y- 18 = 0.

ilm rllta

x I 0

v 3
I

0

Think and Reflect
Can you prove that trvo lines of equal slope are parallel?
(Eint Consider the equations of the two lines to bey = mx + d, andy = 77xy +



Ftg. 13.16: Graphs of the pair of linear equations
2x + 3y = 9 and 4x + 6y = 18. The two lines coincide

We find that both equations are represented by the same straight
Iine. On comparing the coefficients of the two equations we flnd that

9:-Z-L br-
q- 4- 2'b2-
of lines has inflnitely many solutions.

1. Form a pair of linear eguations for each of the following
problems and find their solutions.
(i) The sum of two integers is +5 and their difference is -21.

Find the tlvo numbers.
(ii) The difference between two numbers is 26 and one number

is three times the other. Find the numbers.
(iii) The coach of a cricket team buys 7 bats and 6 balls for t8880.

Late4 she buys 3 bats and 5 balls for t4000. Find the cost of
each bat and each ball.

(iv) The taxi charges in a city consist of a fixed charge together
with the charge for the distance covered for every km. For
a distance of 10 km, the total amount 'paid is t155 and for

3=
6

1c, -9 1 ,.,
;,E= iB= i which represents the fact that the pair
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a journey of 15 km, the total amount paid is t220. What is
the fixed charge and the charge per km? How much does a
person have to pay for travelling a distance of 25 km?

(v) A fraction becomes equal to 9 if Z ir added to both the'11
mrmerator and the denominator. If 3 is added to both the

numerator and the denominato4, it becomes equa to !. fina
6

the fraction.

(vi) If we add 1 to the numerator and subtract 1 from the
denominato4 a fraction reduces to 1. It becomes equal to

1if we add 1 onlv to the denominator. What is the fraction?2'
(vii) Five years ago, Nuri was thrice as old as Sonu. Ten years late4,

Nuri will be tndce as old as Sonu. How old are Nuri and Sonu?
(viii) The sum of the digits of a two-digit number is 9. Also, nine

times this number is twice the number obtained by reversing
the order of the digits. Find the number.

(ix) Meena went to a bank to withdraw ?2000. She asked the
cashier to give her t50 and t100 notes only. Meena got
25 notes in all. Find how many notes of t50 and 4100 did she
receive?

(x) A lending library has a fixed charge for the first three days
and an additional charge for each day thereafter. Saritha
paid t27 for a book kept for seven days, while Susy paid t21
for the book she kept for flve days. Find the fixed charge and
the charge for each extra day.

Form a pair of Iinear equations and find their common solutions
graphically.
10 students of Grade I took part in a Mathematics quiz. If the
number of girls is 4 more than the number of boys, flnd the
number of boys and girls who took part in the qu2.

a, b,
ar'br' [, ,o a.,".*ine whether the lines3. Use the ratios

representing the following pairs of linear equations intersect at
a point, are parallel or are coincident.
(i) 5x-4Y+ 8= 0; 7x+ 6Y-9 = 0
(ii) 9x+ 3y +t2= 0; 18x+ 6y +24=0
(iii) 6x-3y + 10 = 0; 2x-y + I = 0
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4. Which of the following pairs of linear equations have solutions?
If they have solutions, flnd them graphically.
(i) x+y=5,2x+2y=!0
(ii) x-Y=8,3x-3Y=16
(iii) 2x +y-G = 0, 4x -Zy - 4 = 0
(iv) 2x -2y - 2= 0, tlx-4),- 5 = 0

5. Half the perimeter of a rectangular garden, whose length is 4 m
more than its width, is 36 m. Find the dimensions of the garden.

6. Given the linear equation 2x + 3y - 8 = 0, write another linear
equation in two variables so that the graphs of the pair formed
represent (i) intersecting lines (ii) parallel lines (iii) coincident
Iines.

7. Here is a problem tiat was posed by Mahaviracharya in
Ganfta sAra saigraha (c. 850 CE).

The price of 9 citrons and 7 fragtant wood-apples taken together
is 107; and the price of 7 citrons and 9 fragtant wood-apples
taken together is 101.

O mathematician, tell me quickly the price of each citron and of
each fragrant wood-apple.
(Hint: The given problem can be modelled as

9x+7y=7o7
7x + 9y = 7O7

Can you flgure out a way of solving these equations without
directly using elimination or the substitution method? What
is special in this pair of equations? The x andy coefficients are
interchanged in the 2 equations.

What will happen if we add the pair of eguations? What will
happen if we subtract the pair of equations? Can the resulting
equations be solved to flnd the values ofx andy?)

8. 5 pencils and 7 pens together cost t50, whereas 7 pencils and
5 pens together cost {46. Find the cost ofeach pencil and pen.

9. Find the height ofthe stool.

cm
25 cm
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1. The graph ofthe liney = 3x, passing through (0, 0) and (2, 6) is
given below.
(i) Identi$ the slope of the line from the graph and explain

how you calculated it using the two points on the line.
(ii) What is the y-intercept of the line? Explain its sigrifcance.
(iii) A water tank is being filled so that the water levely (in cm)

after x minutes follows this graph.

(a) How high is the water after 5 minutes?
(b) How many minutes w"ill it take for the water to reach a

height of 21 cm?
(iv) Without drawing a new graph, determine whether the point

(4, 10) Iies on this line. fustiS your answer.
(v) Plot the point where this line intersects the Iine x = 3. Explain

how you found the coordinates.

I
I

11 Ifl

I

Er.ro-or-Cru,pryrR ExEncrsEs
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2. In countries Iike the USA, temperature is measuredin Fahrenheit,
whereas in countries like India, it is measured in Celsius. Here
is a linear equation that converts Celsius to Fahrenheit:

r=9c*sz
5

(i) Draw the graph of the linear eguation above using Celsius
on the x-axis and Fahrenheit on the y-axis.

(ii) If the temperature is 30 "C, what is the temperature in
Fahrenheit?

(iii) If the temperature is 95'F, what is the temperature in
Celsius?

(iv) If the temperarure is O'C, what is the temperature in
Fahrenheit and if the temperature is 0 'F, what is the
temperature in Celsius?

(v) Is there a temperature which is numerically the same in
both Fahrenheit and Celsius? Ifyes, find it.

3. Solve the following system of equations graphically:

2x+y=6,2x-y-2=0.
4. Find the point of intersection of the lines shown on the cover

page.

5. Give a formula to find the x-intercept of the line y = fia + c.

6. A person is choosing bewveen two mobile plans.
Plan A: t50 monthly fee + 40.20 per minute of call time.
Plan B: 130 montNy fee + t0.30 per minute of call time.
For how many minutes of calling per month is Plan A cheaper
than Plan B? For how many minutes is PIan B cheaper? Also find
the numler of minutes at which both plans cost the same.

7. How many lines exist that
(i) have a given slope?
(ii) have a given slope and pass through a given point?

8. For what values ofp does the pair of eguations given below have
a unique solution?

4x + py + 8 = 0; 2x+ 2y * 2-- O.
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9. Find the values of a and b for which the following system of
equations has inflnitely many solutions:

(a + b)x -Zby = 5a + 2b + 1; 3x-), = 14.

10. Find the value of 'lC for which the following system of equations
represents a pair of coincident lines:

x+2y=3; (k- 1)x + (k + 1)y = k + 3.

11. (i) Robot l startsfromthe originandtraces a path byrepeatedly
moving 3 units to the right and then 4 units upward. Robot
2 starts ftom the point (10, 0) and repeatedly moves 1 unit
to the right and then 2 units upward. Will the paths traced
by these two robots intersect and if so, where?

(ii) Robot 1 starts from (3, 0) and traces a path by repeatedly
moving 5 units to the right and then 5 units upward. Robot
2 starts from the point (7, 0) and repeatedly moves 5 units to
the right and then 3 units downwards. Will the paths traced
by these two robots intersect and if so, where?

*72. At a certain time, Jacob notices that his digital watch reads 'a'
minutes after two o'clock. Fifteen minutes later, it reads 'b'
minutes aftcr three o' clock. He noticed that a is six times greater
than b. W]iat time was it when he looked at his watch for the
second time?

*13. The sum of the digits of a tlvo-digit number is 15. The number
obtained by interchanging the digits exceeds the given number
by 9. Find the number.

*74. In a cyclic quadrilateral ABCD, ZA = (x + 7)', lB = (y + 8)",
lC= (3y + 23)'and zD = (4x + 12)'. Find all four angles ofthe cyclic
quadrilateral.

+15. A train moving with uniform speed for a certain distance takes
6 hours less if its speed is increased by 6 km/hour. It would have
taken 6 hours more had its speed been decreased by 4 km/hour.
Find the distance travelled and the speed of the train.

*16. The age of a father is equal to the sum of the ages of his four
children. After 20 years, the sum of the ages of the children will
be twice the age of the father. Find the age of the father.
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CHesrsn Suuuenv

An equation of the form ax * D + c = 0, where a, b and c are real
numbers, such that a and b are not both zero, is called a linear
equation in two variables.
A linear equation in two variables has infinitely many solutions.

An equationy = mx + d is the slope-intercept form of a linear
equation in two variables. Here 'm' represents the slope and 'd'
they-intercept. The line cuts the y-axis in the point (0, d).

Every point on the graph ofa linear equation in two variables is
a solution of the Iinear equation. Moreove4 every solution of the
Iinear equation is a point on the graph ofthe linear equation.

A pair of linear equations in tvvo variables can be represented,
and solved, both algebraically and graphically.

A pair of linear equations can be solved algebraically using the
Method of Substitution or the Method of Elimination.
If a pair of Iinear equations is given by a,x + bty + cl= 0 and
arx + bry + cz = 0, then the following cases may arise:

. *r-*r,In this case, the pair of linear equations has a unique

solution.

" *,=t-Ztln this case, the pair of linear equations does not

have a solution.

" A = *,= ! : rn this case, the pair of linear equations has

inffnitely many solutions.
The graph of a pair of linear equations in two variables is
represented by tlvo lines.
. If the lines intersect at a point, then that point is the unique

solution of the tlvo equations.
. If the lines coincide, then there are inffnitely many

solutions, each point on the line being a solution.
" If the lines are parallel, then the pair of equations has no

solution.



Math of Space:

Surface Area and Volume
ts

O'OECHl,l

In the previous grade we explored nets of some solids including cubes,
cylinders, and cones. We saw that solids have a surface and occupy
some space or volume. In this chapte4, we will learn how to determine
surface areas and volumes of cuboids, cylinders, cohes, pyramids, and
spheres, and how we can use these to solve some interesting problems.

Fig. 14.7A: cuboid bricks F(9. 14.18: Rttbik\Cube F\9.14-1c: cuboid

A cuboid has the shape shown in these pictures. A useful way of
thinking about a cuboid is that it is a 'three-dimensional (3D) version'
of a rectangle.

It has six faces, all rectangles. It is characterised by three quantities:

Iength, width, and height - these are denoted by L u h respectively'
You can cut out the net of a cuboid
given at the end of the textbooh make
appropriate folds and join the edges to
form the cuboid.

What is the total surface area of a
cuboid? You may refer to the net of the
cuboid given in Fig. 14.2.

Considering the faces individually'
we see that the total surface area (TSA)

of the cuboid is
TSA=2(wl+hl+hw).

I
,,,;

Fig. 14.2

I

14

14.1 Cusoros AND CUBEs

uI

h
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Volume measures the amount of three-dimensional space an
object or a container occupies. It is measured in cubic units, e.9., cubic
meters (m3) or cubic centimeters (cm3). We set the volume of a unit cube
(i.e., a cuboid measuring one unit in each direction) to be one cubic unit
(e.g., 1 m3 or 1 cm3, as the case may be). The volume of a general cuboid
is the number of unit cubes that fit into it. Accordingly, the formula for
the volume Vof a cuboid is length x width x height or

V = lwh.

A particular and important case of a cuboid is a
cube, whose length, width, and height are the same.
This length is the .side, of the cube.

Let the side be a. Then:
. Total surface area ofthe cube is 6cr.
. Volume of the cube is a3.

Think and Reflect
Try to work out for yourself why this model explains the formula for
the volume of a cuboid, i.e.,

volume = area ofbase x height.

Write the formula for the surface area and the.volume of a cube.

Fig. 14.3

Fig. 14.4

q

a

Compare the formula for the volume
of a cuboid with the formula for the
area of a rectangle flength " ry16L;.

Here is a way of understanding
why the formula V = lwh is true:
think of a cuboid as a large number
of thin rectangular pieces Qength
l, width l,u) stacked on top of each
other, like a pack of playing cards.
(Fig. 14.3).

a

Observe how these two formulas are special cases of the formulas
2(wl + hl + hw) and whl, when w = h = I.
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Do you remember cube numbers? Cube numbers are the
numbers in the sequence 7,8,27,64,.... These numbers represent
the number of unit cubes that can fit inside cubes of side lengths
7, 2, 3, 4,... respectively-in other words, they represent the
volumes of these cubes. We know that 13 = 1,23 = 8,33 = 27,43 = 64, ...; and
Vr = r, VB = 2,W = 3, V64 = 4, and so on.

Example 1: Two solid objects are made from the same material:
Cube A has side 6 cm and Cuboid B has dimensions 9 cm x 6 cm x 4 cm.
Compare their volumes and surface areas and determine which
object has a greater surface area. How is this useful in a real-life
situation?

For Cube A, side (a) = 6 gp.

Hence its volume is a3 = (6 cm): = 216 cm3 and surface area (SA) is
6a2=6x(6cm)z=216cmr.

For Cuboid B, length (I) = 9 cm; width (w) = 6 cm; height (h) = 4 cm.

Henceitsvolume is I " w x ft = $ x 6 x 4 = 216 cm3

and surface area (SA) is 2(lw + wh+ lh) = 2[(9 , 6) + (6 x 4) + (4, 9)]
= 228 cmz.

Thus, the wvo objects have the same volume but different surface
areas. The cuboid has greater surface area than the cube.

Conclusion: For the same storage capacity: a cube requires less
covering material; a cuboid exposes more area to its surroundings.

This concept is important in packaging, heat transfer and
engineering.

1. The volume of a cube is 64 cm3. What is its total surface area?

2. How many smaU cubes with side 20 cm can be packed tight in a
cubical box with side 2 m?

3. The dimensions of a godown are 40 m x 25 m , 10 m. If it is fllled
with cuboidal boxes, each of dimensions 2 m x 1.25 m x 1 m, then
find the number of boxes.

4. TWo cubes each of volume 125 cm3 are joined end to end. Find
the surface area of the resulting cuboid.

Exrncrss Ssr 14.L
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5. A cube of side 4 cm is cut into cubes of side 1 cm. What is the
ratio of the surface areas of the original cube and all the cut-out
cubes? (Note that there is no change in volume but a big change
in the surface area. This property has major consequences in the
biological world.)

6. The surface areas of the three faces of a cuboid that meet at
one of the corners of the cuboid are 6 cm2, 15 cm2, and 10 cm2
respectively. What is the volume of the cuboid?

*7. A cube of side 5 cm is painted on all its faces. If it is sliced into
1 cm3 cubes, how many of these 1 cm3 cules have

1cm

1cm

5 cm 1cm

l(In

1cln

1cm lcm lcm 1cm
<- 5 cm 

--)(i) exactly three faces painted?
(ii) exactly two faces painted?
(iii) exactly one face painted?
(iv) no face painted?

*8. Find a cuboid with edges whose lengths are integers (in cm),
given that it has a total surface area of exactly 100 cm2.
(i) Is there more than one such cuboid?
(ii) Can you find them all?
(iii) Show that you have found them all.

Think and Reflect

Suppose a swimming pool is being built in your school. Two choices are
available for the dimensions of &e pool: (A) 8 ft (depth) x 50 ft x 20 ft and
(B) 6 ft (depth) , 100 ft x 15 ft. which option would be suitable/appropriate
for your school? Why? what parameters/aspects did you consider to make
the choice? [1 cubic foot r 28.3 litres]
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14.2 Rtcxr Crncumn CvlrNonn
The following figures show different types of cylinders. What is di-fferent
in each of these cylinders?

Right circular cylinder Oblique circular qtlinder

The flrst one is a rlght clrcular cyllnder. The term circular indicates
that the cross-section of the ryIinder is a circle, wNle the term right
signifies that the axis of the cylinder is perpendicular to its circular base.
Many pipes have this shape. It is worth noting that not all cylinders
are of this type. Some ryIinders may have axes that are inclined rather
than perpendicular to the base. The second one is an obllque clrcular
cylinder. we restrict ourselves to the study of the right circular cylinder
only. You can cut out the net of a cylinder given at the end of the textbook,
make appropriate folds and join the circles to form the cylinder.

We used the word cro$-8ecdon above. Given a three-dimensional
object, suppose we take an extremely thin slice of it. The shape we get is
called a 'cross-section' of the object. In the case ofa cylindeq, if the slice is
parallel to its base, we get a circular cross-section. But if the slice is parallel
to the axis of the cylinde4 we get a rectangular cross-section. Generally,
we are interested in the cross-section that is parallel to the base.

Examples of cross-sections are shown in the following f,gure.

Cylinder Papqta Apple

I I

tI

I ta

tt
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When doctors take an MRI scan of some part of your body, it is like
taking a cross-section because it allows them to look at the inside of
your body in slices.

What is the area of the curved surface of a cylinder?
Let the radius of the circular base of the cylinder be r; Iet its height

be h. Suppose the cylinder is cut as shown in the f,gure below. We get a
rectangle.

Fig. 14.5A

Therefore, the curved surface area ofthe cylinder is the area of the
rectangle.

. The curved surface area (CSA) ofthe cylinder is
CSA = circumference x height = 2nrft.

If the cylinder is closed at both ends (top and
bottom) Iike a biscuit tin (see Fig. 14.58), then the flat
circular surfaces at the ends also contribute to the
area. Since there are two ends,

total surface area (TSA) = Zmh + ZmZ
= 2m(h + r).

. Ifthe cylinder is closed at one end and open at
the other end, Iike a tumbler, then

surface area = Zmh + mz = ftr(2h + r).

. The volume V of the cylinder is
I/ = cross-sectional area x height = lrr'?h.

14.2.1 Another Way of Understanding Why the
Above Eormulas Are True

Fig. 14.58

To understand why the formulas for the surface area
(curved part) and the volume of a cylinder hold, it helps
to think of the cylinder as a large number of thin circular
khakhras stacked on one another.
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Example 2: Savitri had to make a model of a cylindrical kaleidoscope
for her science project. She wanted to use chart paper to
make the curved surface of the kaleidoscope (see Fig. 14.6).
What would be the area of chart paper required by he4 if
she wanted to make a kaleidoscope of length 25 cm with a

3.5 cm radius? You may take fi = ?. Fig. 14.6

Radius of the base of the.cylindrical kaleidoscope (r) = 3.5 cm.
Height (length) ofkaleidoscope (h) = 25 cm.

Area of chart paper required = curved surface area of the kaleidoscope

=2mh
'),

=2";,3.5,25cm2
= 550 cm'z

1. Two cylinders, A and B, are given. The radius of cylinder B is
twice that of cylinder A, and the height of cylinder B is half that
of cylinder A. Find the ratio of the curved surface area ofA to the
curved surface area of B. AIso flnd the ratio of the volume ofA to
the volume of B.

2. The radii of two cylinders are in the ratio 2:3, and their heights
are in the ratio 3:2. Find (a) the ratio of their volumes, and (b) the
ratio of their curved surface areas.

3. The edge of a cube measures r cm. The largest possi-ble right
circular cylinder is cut out ofthe cube. What do you think is the
volume of the cylinder (in cm3)?

44. The radius of the base of a cylinder is increased by 100/o. At the
same time, the height of the cylinder is decreased by xolo. Given
that the volume of the cylinder remains unchanged, flnd the
value of x.

5. A solid metallic cube of side 12 cm is melted and recast into solid
cylindrical rods, each having radius 2 cm and height 12 cm. Find:
(i) the volume of the cube,

Exrncsr Sm 14.2
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(ii)
(iii)

the volume of one cylindrical rod,
the approximate number of complete cylindrical rods that

can be formed. (" "+)
14.3 CottEs

Ftg.14.7A Fig. 14.78 Fig: 14.7C

A right circular cone is generated when a right triangle is rotated about
one of its legs. The relationship among the slant Iength I, the height h,
the radius r of the base is

12 = hz + rz (using the Baudhayana-Srthagoras theorem)

Right circular cone

s

Unrolled cone

Fig. 14.8

Imagine cutting the cone along a slant edge and 'opening up' or
unrolling the surface. The unrolled surface has the shape of a sector
of a circle. To create the cone again, bring the two straight edges
together. You can use the cutout of the net of a cone given at the end
of the textbook to make a cone.

What is the curved surface area of a cone?
The formula for surface area becomes clear if we imagine cufting

the cone along a slant edge, unrolling the surface, and cutting it up into

t
\.
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A

(a) (b) (c)

Fig.74.s

From Fig. 14.9, it follows that the curved surface area (CSA) of the
cone is equal to

.CSA ..., 
lu ^, 

= l{u, 
* 6,+ ... + b,)l

,. circumference of the base x I

=l<z*lt=*t
Here is another way of working out the formula for the curved

surface area. We have, from the formula for area of a sector of a circle,

CSA=zl"#=r,1, t'5fo"'
Let us try to express this formula in terms of r and l. For this, note

that from the cone, we have,

arclength=s=2m,
and from the secto4 we have

arc length =, = #, zrr
Equating these two, we get

e'r
360" = 7'

From this, we see that the curved surface area is

CSA = nrl,

the same formula as earlier. The formula for the total surface area
(TSA) (curved portion plus the flat base) is TSA = nrl + nr'z.

=la1*|t,t +

1)
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a large number ofvery thin sectors, each ofwhich can be regarded as a
narrow isosceles triangle of height I (Fig. 14.9).

bl
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What is the volume of a cone? It turns out that

1y = inr,h.
The volume formula tells us that the volume of a cone is

the volume of a cylinder formed on the same circular base
the same height as the cone. The formula may be expressed in different
ways, e.9.,

1

v = i ' area ofbase x height.

Students often wonder about the factor of I in ttris formula. wny ] I
To explain the reason for this factor requires more advanced metirods,
e.g., calculus, which you will study when you are in Grade 12.

But it is possible to experimentally verify this relationship. Let us
start with a right circular cylindrical tin. Using papel we make a right
circular cone with the same base radius and the same height as the
cylinder (see Fig. 14.10).

Fig. 14.10

We are now going to perform an experiment to flnd the volume of
the cone. We need some clean flne-grained salt for this purpose.

Fill the cone to the brim with salt. Empty it into the cylinder. We
flnd that it fills up only part of the cylinder. Fill the cone with salt to
the brim again and empty it into the cylinder. We find that the cylinder
is still not full. When we fill the cone with salt for the third time and
empty it yet again into the cylinder, we find that the cylinder is fuIl to
the brim.

We can therefore conclude that the volume of the cylinder is three
times the volume of the cone. That is, given a right circular cylinder and

e*rctty I
and with
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For r, use one of the following approximations: n -! or n * 3.\4

1. Find the total surface area ofa cone, ifits slant height is 21 m and
diameter of its base is 24 m.

2. Find the curved surface area ofa right circular cone whose slant
height is 10 cm and base radius is 7 cm.

a right circular cone of the same base radius and the same height, the
cone has one third the volume of the cylinder. This gives an experimental
verification of the formula given above.

Here is another hands-on activity that uses modelling clay (earlier
this used to be called 'plasticine'). Carefully mold the clay into a solid
cylinder and measure its radius and height. Then reshape the same
portion of clay into identical cones, each having the same radius
and the same height as the cylinder. You will flnd that you are able
to make exactly three such cones. This brings out the relationship
between the volume of the cylinder and cone quite visibly

,r= 1, ..., nfhrca v hoiaht. 3 :area ofbase * heiSht.

The formula for the volume of a cone was flrst found by the Greek
mathematician Archimedes (c, 225 BCE). He also derived formulas for
the surface area and volume of a sphere (i.e., ball), which we will study
in later sections.

Erample 3: A right triangle ABC with sides 5 cm, 12 cm and 13 cm is
rotated through 360o about the side with length 12 cm. Find the volume
of the solid so obtained.

The triangle has sides 5 cm, 12 cm, 13 cm.

Since S'z + l2z = 25 + 1tM = 169 = 13,, the triangle is a right-angled
triangle with perpendicular sides 5 cm and 12 cm and hypotenuse 13 cm.

The triangle is rotated about the side with length 12 cm. When a
right-angled triangle rotates about one of its perpendicular sides, it
forms a right circular cone. Here, height of cone h = 12 cm, radius of
coner=5cm.

Hence, volume of the cone o =t*n= | r, s, x 12 = 100 ncm3.

Exrncrsn Srr 14.3
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6

The height of a cone is 16 cm, and its base radius is 12 cm. Find
the curved surface area and the total surface area of the cone.

A cone has a height of 15 cm. If its volume is 1570 cm3, fnd the
radius of the base.

The curved surface area of a cone is 308 cm2 and its slant height
is 14 cm. Find (i) the radius of the base, (ii) the total surface area
of the cone.

A joker's cap is in the form of a right circular cone ofbase radius
7 cm and height 24 cm. Find the area of the sheet required to
make 10 such caps.

What length of tarpaulin 3 m wide is required to make a conical
tent of height 8 m and base radius 6 m? Assume that the extra
length of material that is required for stitching margins and
wastage in cutting is 20 cm.

A right triangle udth sides 6 crq 8 cm and 10 cm is rotated through
360' about the side of 8 cnu Find the volume and the curved surface

+7

area of the solid so formed.

Suppose you have a cup in the shape of a
right ctcular cone. Fill it with water to half
the depth of the cone. .

what fractiori of the volume of the cup is
occupied by the water?

14.4 PYRAIT{IDAL SHAPES

A pyramidal shape is of the type shown in the following flgures.

FA. U.11A Eig. 14.118

Its base may be a triangle, a square or indeed any closed shape. All
points in the base are connected to a single point (the apex) which lies
in a different plane. You can make the pyramids by using the cutouts of
nets given at the end of the textbook.

3.

4.

5

8.

*9.

G"

I o
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The famous pyramids in Egypt have square bases. The puzzle in
Fig. 14.118 (made by the Hungarian architect Erno Rubik) has a
triangular base.

Some mountains have pyramidal peaks (formed by glacier erosion
over many millennia). In India, there is the Shivling Peak in the state of
Uttarakhand. An example from the Alps is the Mafterhorn.

Shivling Peak (Uttarakhand) The Matterhorn (Switzerland)

The volume V of a pyramidal shape is found by using the formula
1

v= i, area ofbase " height.

The same formula is applicable whether the base is triangulaq,
square or any other shaped flat surface.

Note that the formula is the same as the one used for the volume of a
cone. Indeed, we may think of a cone as a pyramid with a circular base.

The surface area of a pyramidal shape is found by adding up the
areas of all the polygonal faces. So, we do not teed a separate formula
for the surface area.

14.5 SPHERES AND HEMISPHERES

volleyball Football (soccer) sphere

Lastly, we consider a familiar object in daily life: a baII or a sphere.

o

'ItI!

'*t
k'

I'

r
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This is the three-dimensional (3D) equivalent of a circle. Whereas a
circle is the collection of all points in a plane that are at some given
distance from some given point, a sphere is the collection of all points
in 3D space that are at some given distance r (the radius of the sphere)
from a given point O, the centre of the sphere. If we rotate the circle
about any diameter, we obtain a hollow sphere.

Archimedes showed that the surface area A of a sphere with radius r
is equal to 4m2. He did this by showing that the surface area of a sphere
is exacfly equal to the curved surface area of a cylinder with radius r
and height h = 2r that flts tightly over the sphere, Fig. 14.12.

/1

r=\

t

1

Hg, 14.12

The curved surface area of such a cylinder is equal to

2mh= 2m r..2r = Urr2,

This is the formula obtained by Archimedes.
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Fig. 14.13: Rectangular map projection
Source: https://en.wikiPedio.orglwiki/EquhectcngularJrrojection*/media/

F ile: Equirectangular 1t roj ectio n _SWj p g

In passing, we note that this result is used in canography (map-making),
when making a rectangular map proiection of the earth. Imagine a cylinder
tightly wrapped around the earth, touching it at the equato4 as described
above. By drawing radial lines from the central north pole-south pole
axis, we project horizontally from the earth's surface to the surface of the
cylinder. Then, we unwrap the cylinder and obtain the desired map. The
resulting world map is rectangular in shape which is easy and convenient
to use. But it suffers from an important defect: there is great distortion
in shapes at high latitudes (close to the poles). For locations close to the
equatol the distortion is negligible.

Archimedes also found the formula for the volume V of a sphere:
Iv=i*.

You will study the derivations of these formulas in later grades,
using calculus.

But you may be able to find your own derivation of the formula by
connecting it with the formula for volume of a cone; namely, by writing it as

y-1x 1477:1 r1.
1

i.e., Volume of sphere = i , surface area of sphere x radius of sphere.

Try to work out the connecting links on your own.

Y,
Trt\rL
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rVisualising Volume Formula

Here is a way to see the link between the formulas for volume of a cone,
surface area of a sphere and volume of a sphere. Recall that

Volume of cone = | area of base x height of cone.

Imagine that the entire surface of the sphere is divided into tiny regions.
The shapes of these regions do not matter; what matters is that they are
very tiny. Now connect all these regions to the centre of the sphere. This
creates a large number of thi-n cones. They all have the same height, namely
r. The volume of the sphere is equal to t}te sum of the volumes of all the
cones. Using the fact that the cones all have the same height, we may write:

Volume ofsphere = i, sum ofbase areas ofall the thin cones

r
3

,. surface area of sphere = l, +nr, = tm,

14.5.1 llandson Activity to Verify the Formula for Surface
Area of a Sphere

string around the remaining part of the baII, till you have completely

Have you ever played with a top?
You must know how a string is
wound around it. Take a rubber
ball and drive a nail into it. Using
the nail for support, wind a string
tightly around the ball. When you
have reached the 'fullest' part of
the ball, use pins to keep the string
in place, and continue to wind the

Ilr c (Fltlcld F t)
i.dltdididl
.rt,iai,blr..rn
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covered it; see Fi8. 14.14. Mark the starting and finishing points on the
strin& and unwind the string from the surface of the ball. Now measure
the diameter of the ball and get its radius. On a sheet of paper, draw
four circles with a radius egual to the radius of the ball. Fill the circles
with the string you had wound around the baII (as shown in the flgure).

Fig. 14.14

The string, which had completely covered the surface of the sphere,
has now been used to fll the four circles, all with the same radius as the
sphere. So, the surface area of a sphere of radius r is equal to 4 times
the area of a circle of radius r, i.e., equal to 4ra{. Hence, surface area of
a sphere = 4rn{ where r is the radius of the sphere. This experimentally
verifies the stated formula.

14.5.2 Hemisphere

A hemisphere is a three-dimensional solid formed when a sphere is cut
into two equal halves by a plane passing through its centre. The flat
ctcular region formed after cutting the sphere is called the base of the
hemisphere. A hemisphere has one curved surface and one circular
base. See Fig. 14.15.

. Fig. 14.15: Hemispheres

You may also recall encountering the term hemisphere in the
context of the Northern Hemispheres and the Southern Hemispheres
in Geography.

Examples: Bowls, serving dishes, dome-shaped covers, planetariums
and igloos.
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Let the radius of the sphere be r. The surface area of the complete
sphere is 4zrr2. Therefore, the curved surface area of a hemisphere,
which is halfofthe sphere, is 2nr2.

The total surface area (TSA) includes the curved surface and circular
base. The area of the circular base = nr2.

Hence TSA = zmz + nQ = 3fir2.

Volume of the hemisph ere =tr* .

Example 4: A hemispherical bowl has a radius of 3.5 cm. What
would be the volume of water it would contain?

The volume of water the bowl can contain

ftr3

,T, r.t x 3.5 x 3.5cm3 = 89.8cm3.

2
3
2
3

1. A ball bearing has a radius of 0.7 cm. Find its surface area.
*2. Two solid spheres made of the same metal have weights 5920 g

and 7409. Determine the radius of the larger sphere, if the
diameter of the smaller one is 5 cm.

3. The diameter of the moon is approximately one fourth the
diameter of the earth. Given that the moon and earth are both
roughly spherical, find the ratio of their surface areas.

4. Find (i) the curved surface area and (ii) the total surface area ofa
hemisphere of radius 21 cm.

5. Metal spheres, each of radius 2 cm, are packed into a
rectangular box of internal dimensions 16 cm x 8 cm x 8 cm.
When 16 spheres are packed, the box is filled with preservative
Iiquid. Find the volume of this liquid. Round your answer to
the nearest integer.

6. The radius ofa sphere is increased by 100/o. Show that the volume
increases by approximately 33.1ol0.
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The radius of a sphere is increased by x%. The volume of the
sphere increases by 72.8%. Find the value of x. r
Ihe hemispherical dome of a building needs to be
painted (see Fig. 14.16). If the ctcumference of the
base of the dome is 35.2 m, find the cost of painting
it, given the cost of painting is t 10 per 100 cm'z. tI I

14.6 AREAS AND VoLrrMEs Ar,ounn Us Fis'14'16

We learned about different 3D solids. Identify and list objects or
structures around you that are cubical, cuboidal, cylindrical, conical,
spherical, or pyramidal in shape, or closely resemble these shapes.

Activity: Find the approximate volumes of a gas cylindec a bucket,
any cylindrical vessel, a cupboard, a water tank that you can find near
you (use 1000 cm3 = 1 litre).

146.1 Guessdmatg: Ilid You Eler Wondel:?

Guesstimate questions are problems in which you make a reasonable
estimate for a quantity when exact data are not available. Instead of
finding a perfectly accurate answex, you use assumptions,
approximations, logic, and everyday knowledge to model a given
situation and arrive at a sensible estimate. Do you remember solving
such questions in earlier grades?

Example 5: Lallan's golgappa (a small
hollow ball made of wheat) stall has a
cylindrical vessel wi& pani (spiced water)
in it. The vessel is of radius 10 cm and it
has pani up to a height of 50 cm. Estimate
the number of golgappos he can serve
assuming allgolg'appas are spheres. Before
calculating, make a guess.

Can you guess what number this could
be-is it in the hundreds, thousands, or more?

The number of golgappos that can be served is

Total pani in the vessel
@'



l4Z Ganita Manjari I Grade 9 | Part II

The amount ofpaant in the cylindrical vessel is given by 7= area of
base x height.

Y= z(10)(10) x 50 = 5000r cm3.

To estimate the number of golgappas, two students went about in
different ways:

Student 1's calculation

Estimated radius of an average
golgappa is 1.5 cfiL

l
Volume of agolg,cppa=:, n (7.5\3

: 14.14 cm3.

Student 2's calculation

Estimated radius of an average
golgappa is 7.75 cm.

l
Volume of a golgappa = :, n (7.75\1

* 22.43 cm3.
(neglecting
golgappa)

the thickness of the (neglecting
golgappa)

the thickness of the

Assuming each golgappa is filled
with 60% pani on an average,
the volume of pani in a golgappa

= 74.14 x 0.6 r 8.5 cm3.

The num-ber ofgolgappas that can be

served is = 5ooo' - t8+8.
8.5

Lallan can serve about 1850
golgappos with the pani he has.

Assuming each golgappa is filled
with 80% pani on an average,
the volume of pani in a golgappa
= 22.43 x 0.8 = 18 cm3.

The number ofgolgappas that can be

served is = 5oooz -873.
18

Lallan can serve about870 golgappas
with the panf he has.

We see that the flnal answer depends upon the assumptions,
estimations, and approximations done in the process.

Example 6i Anirban saw a few tennis
balls lying around. He wondered, "How
many tennis balls can fit in an empty
classroom?". The classroom is of dimensions
30 ft ' 30 ft x 15 ft. Estimate how many tennis
balls of radius 3 cm fit in this classroom.
Before calculating, make a guess.

The volume of the tennis ball is

f . o,,g'= 113 cm3.



Can we find the number of tennis
balls that can fit in the classroom by
dividing the volume of the classroom by
the volume of a tennis ball?

g_rrJ@= 
33,4s,732.
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The volume of the classroom is

30 x 30 x 15 = 13,500 ft3 - 37,80,00,000 cm3.

1ft=30.48cm
1 ft3 

^, 
28317 cm3

1ft-30cm
I ft3 ! 28000 cm3

No, the balls cannot fit in the room without leaving gaps in betlveen.
Hence this operation will only give an upper bound value, i.e., we can
say for sure that we cannot fit more balls than this.

Accounting for these gaps can give a better estimate.

A

Fig. 14.17: These are some of the ordered ways of packing
spheres in a cuboidal structure

Uslng the first configuratlon: Along each side of the room, the
number of balls that can be placed side-by-side along the length is
dimension of the room 900-affi = ? = 150. The same number can be placed

along the width. Along the height, it is 75 balls.

Therefore, 150 x 150 x 75 = 16,87,500 denotes the approximate
number of balls that can fill the room.

Using the other configurations, we might be able to fit more balls
because of higher packing efficiency.

Make an estimate based on the sebond and third configurations.

Note: This is why spheres are not used as basic units to measure
volumes as they Ieave gaps unlike cubes.

cB



lU Ganita Manjari I Grade I I Part II

For guesstimate problems, make a guess flrst before solving.

1. Estimate how many scoops of ice cream can be
obtained from a culoidai container of dimensions
10cmx15cmx20cm.

2. A cu-be of integer side length a is made of unit
cubes. Write an expression giving the number of
unit cubes to be added to make a cube of side
Iength a + 1.

*3. Solve the following:
(i) Could a person drink enough water in a

Iifetime to fiIl an entire room the size of
your classroom?

(ii) Estimate the number of bricks used to build
the walls of your classroom.

4. You are given tvvo options: (A) one chocolate
cube of side 50 mm, (B) hundred chocolate cubes of side 10 mm.

5

Which option gives you more chocolate?

If all the people in the world are crowded
together in one location, how much area
would it cover?

A school provides milk to its students in
rylindrical glasses, each with a diameter of
7 cm. If each glass is fllled with milk to a
height of 12 cm, how many litres of milk
are needed to serve 1600 students? Use 1000 cm3 = 1 litre.
The surface area ofa sphere of radius 5 cm is flve times the area
of the curved surface of a cone of radius 4 cm. Find the height
and the volume of the cone.

*r

6

7

r
As we have seen in guesstimate problems, different people may get
different answers, but the reasoning they use matters the most. For
these problems, you can start with a quick intuitive guess, model the
situation by identifying the relationships among the quantities, make
reasonable assumptions, and then calculate an answer by making
suitable approximations. Look back to see how close your intuitive
guess is to your estimate.

7
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Take Earth to be a perfect sphere with radius 6370 km. Take
Jupiter to be a perfect sphere with radius 69,9fi) km. Take the
Sun to be a perfect sphere with radius 6,95,700 km. Compute
approximately:
(i) the ratio of the volume of Jupiter to the volume of the Earth;
(ii) the ratio of the volume of the Sun to the volume of the Earth.
(Calculator can be used.)

Show that the volume of a sphere is equal to ] of tne volume of
the smallest rylinder wNch encloses it. J

*10. Suppose the Earth is perfectly spherical. A
string is wrapped tightly around the equator
of the Earth. Another string, 1 metre longe4,
is placed around the Earth so that it forms a
larger circle, staying the same distance above
the ground everywhere.

How high above the ground is the second
string?
Repeat this for: (i) the Moon (ii) |upiter (iii) a volleyball. Are you
surprised by the three answers? Why or why not?

*11. We have a cylinder with a base radius of r cm and height h cm.
Asquare pyramid is fitted inside it. The square base of the pyramid
Iies on the base of the cylinde4 its corners on the boundary of the
cylinder. The apex of the pyramid lies on the top of the cylinder.
Find the ratio of the volume of this pyramid to the volume of the
cylinder.

12. What is the change in volume when:
(i) the length of a cuboid with dimensions l, w, h is increased

by 1 unit?
(a) 1 cubic unit (b) (lwh + 1) cubic unit
(c) wh cubic units (d) Iw cubic units
(e) Ih cubic units

(ii) the radius of a cylinder with dimensions r, h is increased by
1 unit?
(a) 1 cubic unit (b) ,rr'zh cubic units
(c) nr'zcubic units (d) zmh + 2zh cubic units
(e) 2mh + nh cubic units

*(iii) the radius of a sphere is decreased by 1 unit?
*13. Given a cube with volume y, express its total surface area S in

terms of V.

8

9
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+74. Given a cube with total surface area S, express its volume V in
terms of S.

15. A cylindrical glass of height 25 cm and
radius 4 cm has water up to a height
of 16 cm. A crow wants to drink water
from this glass. The water must be at a
height of 20 cm for the crow to reach it.
There are some marbles lying around.
How many marbles of radius 1 cm
should the crow drop into the glass to
make the water reach the required height?

16. Find the volume of ink in a new ball point pen. Take the necessary
measurements and make approximations, as needed.

17. Solve:
(i) A ball of chapati dough of radius

6 cm is prepared. Estimate how many
chapatis can be made from. it?*(ii) Cut a coconuVmuskmelon in half and
find out the approximate volume of

. edible coconut flesh/fruit by taking the
necessary measurements.

18. Looking at the canita Manjari" Grade 9, Part 2 textbool! Sheela
wonders:
(i) If all the pages of this textbook were laid out side-by-side on

the floor would they cover the entire classroom floor?
(ii) What is the maximum numler of textbooks that can fit in an

empty storeroom of dimensions 15 ft x 20 ft x 30 ft?

If the entire human population decided
to climb into one giant cube, how long
would the side have to be?

The Earth's surface has an estimated
volume of 1.38 billion km3 of water.
Suppose the Earth is a perfect sphere
and all this water forms a uniform
layer completely covering the Earth's
surface, like a thin water bubble.
Estimate the thickness of this water
Iayer. The Earth's radius is -6371 km.

'*19.

*20.

L
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(i) Write an expression that gives the thickness of this water
layer.

(ii) Simplify the expression in (i) using a calculator.
*21. Give the dimension of a cuboid whose volume is halved when its

surface area is doubled.

22. Project: Find the volume of your house making necessary
approximations. Present how you solved it.

Cneptnn Sunamanv

In this chapte4, we have studied the following formulas for the surface
areas and volumes of various fundamental shapes.

1. Cuboid Z(wI+hw+lh) whl

2. Right Circular
Cylinder

I
h

Curved surface area: Zmh
Total Surface Area of a
cylinder covered at one end:

Zmh+nr2=m(Zh+r\
Totai Surface Area of a

cylinder covered at both ends:

Zmh+2m?=|m(h+r)

mzh

3. Right Circular
Cone

I

Curved surface area: zrrl

Total surface area: fir(l + r)
-1
3

m2h

3D Shape Surface Area Volume
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4. Sphere

-----------F---

t
3

n3

5. Hemisphere Curved surface area: 2rn{

Total surface area: ?nf + roQ

= 3toa

Z
3

,rr1

4fir2
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